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Abstract

This w ork is ab out the calculational construction of circuits. By \construc-

tion" w e mean obtaining a design b y means of formal manipulation of a

formal sp eci�cation. \Calculational" refers to the st yle whic h w e emplo y ,

that is to try to reduce all program deriv ations to straigh tforw ard calcula-

tion.

In other w ords, in this thesis w e aim to dev elop a st yle of calculus that aids

the designer in the deriv ation (and the presen tation) of circuits.

W e start from an established notation called R uby , dev elop ed b y Sheeran

and Jones, based on the algebra of binary relations. W e then dev elop our

o wn st yle of Rub y , through a n um b er of deriv ation case studies.

The main results in this thesis concerns the deriv ation of regular language

recognizing circuits. W e sho w ho w an existing design, due to F oster and

Kung can b e deriv ed and explained; w e p oin t out a limitation in F oster and

Kung's design and sho w ho w it can b e partially o v ercome.

Other case studies w e presen t are a new deriv ation of a circuit that solv es

the carr � e problem, and a deriv ation of a round-robin sc heduler.

W e then sho w ho w our designs can b e implemen ted in practice. First w e

sho w ho w to sim ulate the circuits using Hutton's Rub y sim ulator; then w e

go all the w a y to implemen t a compiler from Rub y circuits to a CSP-lik e

notation called T angram.

Additional to ol supp ort is pro vided b y pro of c hec k ers. Ev en though our

metho d is supp osed to b e mainly used with p encil and pap er, it is p ossible

and sometimes useful to c hec k the pro ofs b y mac hine. W e use PVS to v erify

part of our theory and one of the case studies.

Sommario

Questo la v oro tratta della costruzione p er mezzo di calcolo di circuiti. P er

\costruzione" in tendiamo ottenere un circuito p er mezzo di manip olazioni

formali di una sp eci�ca formale. \P er mezzo di calcolo" si riferisce allo

stile c he usiamo, c he consiste nel cercare di ridurre tutte le deriv azione di

programmi a calcolo.

In altre parole, in questa tesi si aspira a sviluppare uno stile di calcolo c he

aiuti il progettista nella deriv azione (e l'esp osizione) di circuiti.
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Il pun to di partenza � e un calcolo preesisten te c hiamato R uby , sviluppa-

to da Sheeran e Jones, basato sull'algebra delle relazioni binarie. Di qui

sviluppiamo il nostro stile di Rub y , attra v erso una serie di deriv azioni.

I risultati principali in questa tesi riguardano la deriv azione di circuiti c he

riconoscono linguaggi regolari. Mostriamo come una classe di circuiti proget-

tati da F oster e Kung p ossano essere deriv ati e spiegati; sottolineiamo una

limitazione di questi circuiti e mostriamo come si p ossa sup erarla, almeno in

parte.

Altri casi sviluppati sono una n uo v a deriv azione di un circuito c he risolv e il

problema del carr � e, e un algoritmo di m utua esclusione.

Mostriamo p oi come i nostri circuiti p ossano essere praticamen te realizzati.

Prima mostriamo come sim ularli p er mezzo dell'in terprete Rub y di Hutton;

quindi pro duciamo un compilatore c he traduce circuiti Rub y in una notazione

simile a CSP c hiamata T angram.

I programmi c he v eri�cano dimostrazioni p ossono essere utili strumen ti di

supp orto alla deriv azione. Anc he se il nostro meto do � e p ensato p er essere

usato con carta e matita, � e p ossibile e a v olte utile v eri�care le dimostrazioni

meccanicamen te. Usiamo il sistema PVS p er v eri�cate parte della nostra

teoria, e di una deriv azione.
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Chapter 0

In tro duction

V ery few tastes are univ ersal. A taste for programs that can

visibly b e seen to b e correct is certainly not one of them. A great

deal of programmers are v ery bad at what they do. W e c annot

measure the usefulness of a tec hnique b y coun ting noses.

Ric hard O'Keefe <5kph1v$74l$1@goanna.cs.r mit. edu .au>

This w ork is ab out the calculational construction of circuits. By \construc-

tion" w e mean obtaining a design b y means of formal manipulation of a

formal sp eci�cation. \Calculational" refers to the st yle whic h w e emplo y ,

that is to try to reduce all program deriv ations to straigh tforw ard calcula-

tion.

In other w ords, in this thesis w e aim to dev elop a st yle of calculus that aids

the designer in the deriv ation (and the presen tation) of circuits.

The ultimate goal of this researc h is to giv e the individual programmer, or

circuit designer, a calculus that allo ws the deriv ation of programs and circuits

that are b etter understo o d, b etter do cumen ted, and b eha v e as exp ected.

W e stress individual in the ab o v e sen tence, since the tec hniques presen ted

here mak e sense for the individual ev en if they are not part of the design

metho dology em braced b y the organization the individual w orks in.

W e start from an established notation called R uby , dev elop ed b y Sheeran and

Jones [25]. Rub y is a language based on (p oin t-free) the algebra of binary

relations. W e then dev elop our o wn st yle of Rub y , through a n um b er of

deriv ation case studies. W e �nd that a judicious mixture of p oin t wise and

p oin t-free reasoning is needed to attain a concise exp osition.

The main results in this thesis concerns the deriv ation of regular language

recognizing circuits. W e sho w ho w an existing design, due to F oster and

9
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Kung [18] can b e deriv ed and explained; w e p oin t out a limitation in F oster

and Kung's design and sho w ho w it can b e partially o v ercome.

Other case studies w e presen t are a new deriv ation of a circuit that solv es

the carr � e problem, whic h is presen ted and solv ed b y Rem in [45], and a de-

riv ation of a round-robin sc heduler, from a sp eci�cation found in a collection

of b enc hmark circuits for v eri�cation b y Kropf [29].

W e then sho w ho w our designs can b e implemen ted in practice. First w e

sho w ho w to sim ulate the circuits using Hutton's Rub y sim ulator [23]; then

w e go all the w a y to implemen t a compiler from Rub y circuits to a CSP-lik e

notation called T angram, dev elop ed b y V an Berk el [51]. Finally w e test our

generated circuits with the T angram sim ulator.

Additional to ol supp ort is pro vided b y pro of c hec k ers. Ev en though our

metho d is supp osed to b e mainly used with p encil and pap er, it is p ossible

and sometimes useful to c hec k the pro ofs b y mac hine. W e use PVS [40] (a

pro of c hec k er dev elop ed at SRI) to v erify part of our theory and one of the

case studies.

In the remainder of this c hapter w e ha v e a short in tro duction to the calcula-

tional metho d and Rub y , follo w ed b y a brief summary of the thesis' con ten ts.

0.0 The calculational metho d and Rub y

The calculational metho d striv es to com bine concision with precision. Ul-

timately w e hop e to b e able to deriv e a program as a solution of a formal

sp eci�cation, m uc h in the w a y the in tegral calculus is used in deriving a

solution to an in tegral.

The relev ance of mathematical logic to programming w as made prominen t

b y Hoare with the in v en tion of (what is no w called) Hoare logic. Ho w ev er,

his w ork w as aimed at verifying that a program satis�es a sp eci�cation,

rather than deriving a program that satis�es a giv en sp eci�cation. An im-

p ortan t step forw ard came with the calculus of w eak est preconditions, b y

Dijkstra [11]; this enabled the programmer to deriv e a program from a goal

assertion that m ust b e established. T o this da y , this is the most e�ectiv e w a y

of deriving imp erativ e programs op erating on arra ys.

A second step forw ard w as the st yle of constructiv e functional programming

in tro duced b y Bird and Meertens [6], and kno wn as the Bird/Meertens form-

alism. This allo ws one to deriv e functional programs op erating on lists.
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A third step forw ard w as the generalisation of Bird/Meertens calculus to

arbitrary (tree-lik e) datat yp es, b y Malcolm [36]. This op ened the w a y to

programs that are parameterised b y t yp e c onstructors (so-called p olyt ypic

programs) rather than simply parameterised b y t yp es.

The fourth step w as the extension of the Bird/Meertens formalism to re-

lations rather than simply functions. The application of (binary) relation

algebra to computing is the sub ject of the w ork of a n um b er of researc hers

w orldwide [9]. Bird and De Mo or deriv e dynamic programming algorithms

in a relational st yle [7]; the Mathematics of Program Construction group

in Eindho v en extended p olyt ypic programming to relations [0]; and Sheeran

and Jones in v en ted Rub y , a relational language of circuits [25].

In this thesis w e com bine tec hniques from all of these dev elopmen ts, but the

w ork on Rub y is closest to our goals.

In Rub y a circuit is a (binary) relation b et w een streams, a stream b eing

a function from time (i.e., the in tegers) to some v alue domain (e.g., the

b o oleans). A simple example of Rub y circuit is the and gate that relates the

stream of pairs f ( a

t

; b

t

) g

t 2 Z

with the stream f a

t

^ b

t

g

t 2 Z

.

Circuits can b e comp osed with a n um b er of com binators suc h as relational

comp osition ( R

�

S ) and relational pro duct ( R � S ). The com binators enjo y

a n um b er of useful rules, lik e the so-called fusion rule:

( R

�

S ) � ( T

�

U ) = ( R � T )

�

( S � U )

Rub y circuits ha v e an in terpretation as pictures, whic h is useful for the

presen tation of circuit design, as w ell as for the illustration of Rub y la ws.

F or instance, b oth sides of the fusion rule ha v e the same picture in terpreta-

tion:

T U

R S

0.1 F oster and Kung's recognizers

In 1982, F oster and Kung presen ted a sp ecialised silicon compiler (i.e., a

program that pro duces the description of a circuit from a sp eci�cation of the

circuit's b eha viour) that constructs recognizers for regular languages [18].

The compiler w as presen ted without formal justi�cation; indeed, they did
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not ev en presen t a formal sp eci�cation of the functionalit y of the compiler.

Their informal description of the functioning left m uc h ro om for alternativ e

in terpretations.

In this thesis w e presen t a formal derivation of F oster and Kung's compiler.

The complexit y of the task is o v ercome in t w o w a ys: b y exploiting (p oin t-free)

relation algebra rather than elemen tary predicate calculus, and b y a judicious

decomp osition of the design task. Our design consists of �rst deriving a non-

systolic implemen tation, whic h is essen tially a functional program, follo w ed

b y a transformation of this design in to t w o di�eren t systolic v ersions, using

standard tec hniques of \slo wdo wn", \retiming" and \pip elining" [25].

The tec hnique used in sp ecifying the problem in v olv es mapping the problem

from streams to sets, in a w a y that is no v el in Rub y literature. P art of this

w ork w as published in the pro ceedings of an in ternational conference [50].

The goal of F oster and Kung's w ork w as to obtain recognizers that are fully

systolic; i.e., circuits suc h that no long propagation path exists. Their design

fell short of this goal, since circuits corresp onding to regular expressions

where the \c hoice" op erator o ccurs man y times can ha v e long propagation

paths. W e presen t an alternativ e to F oster and Kung's design that partially

o v ercomes this problem, b y using the standard tec hnique of \pip elining".

0.2 Implemen tations

The designs w e obtain are detailed enough to b e implemen ted. W e demon-

strate this �rst b y sho wing ho w to sim ulate our circuits b y means of Hut-

ton's Rub y in terpreter [23]. Subsequen tly , w e presen t a compiler from Rub y

circuits to T angram. T angram is a CSP-lik e [21] imp erativ e programming

language dev elop ed b y V an Berk el [51]. T angram programs can b e compiled

to async hronous circuits in silicon. W e presen t the result of sim ulating our

circuits using the T angram sim ulator.

These implemen tations con tain no new tec hnical detail; the purp ose is to

demonstrate that the designs are in fact implemen table, and to sho w ho w it

w ould b e p ossible to obtain w orking circuits in practice.

0.3 Mac hine c hec k ed pro ofs

The deriv ations w e presen t are mean t to b e done with pap er and p encil;

in fact, care has b een tak en to k eep calculations as short and as simple as
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p ossible. The goal of this researc h is to dev elop a viable calculus.

Ho w ev er, con v erting a pap er-and-p encil pro of to a format that can b e pro v ed

b y mac hine is a v aluable learning exp erience. The pro of c hec k er forces one to

b e explicit ab out ev ery min ute detail, and unco v ers ev ery unstated assump-

tion. The sp eci�cation language a�orded b y the pro of c hec k er cannot b e

as 
exible as pap er-and-p encil mathematics, and this sometimes forces one

to �nd alternativ e, more elemen tary de�nitions; whic h is also useful since it

mak es one think of a sub ject from di�eren t p oin ts of view.

The pro of c hec k er w e use here is the Protot yp e V eri�cation System (PVS),

dev elop ed b y Owre, Rush b y , Shank ar and others at Stanford Researc h Insti-

tute [40]. The main adv an tage of this program with resp ect to others suc h

as Isab elle [42], HOL [10] or NQTHM [8] is the ease of use and the p o w erful

pro of language. What w e ha v e done is to formalise and pro v e a part of the

Rub y theory in PVS, and then c hec k part of the carr � e case study of c hapter 5.

0.4 Outline

Chapter 1 giv es an in tro duction to the mathematical st yle and notation w e

emplo y . Chapter 2 in tro duces the algebra of binary relations. Chapter 3

sho ws ho w binary relations can b e used to reason ab out circuits, and in tro-

duces our v arian t of Rub y . Chapter 4 con tin ues the exp osition of Rub y b y

generalising pairs to n -tuples. Chapter 5 presen ts the �rst case study , the

Carr � e problem. Chapter 6 con tains the second case study , the round-robin

sc heduler. Chapter 7 is ab out the third case study , the regular language

recognizers. Chapter 8 sho ws ho w to execute the recognizers with the Rub y

in terpreter. In c hapter 9 a compiler from Rub y to T angram is presen ted,

and its use is demonstrated on the regular language recognizers. Chapter 10

con tains an enco ding of Rub y and the Carr � e case study in PVS. Finally ,

c hapter 11 discusses the w ork presen ted in this thesis and pro vides some

conclusions.
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Chapter 1

The calculational st yle

In this c hapter w e giv e an in tro duction to the notational con v en tions w e use,

along with an in tro duction to the calculational st yle, with some examples to

sho w wh y w e �nd it an e�ectiv e st yle of reasoning and exp osition.

The calculational st yle striv es to reduce complex pro ofs to straigh tforw ard

calculation. Quoting R. Bac khouse [2]:

Whereas Mathematics is principally concerned with amassing a

collection of results, Computing Science is ab out metho d: how

to c onstruct programs and systems that are reliable, ergonomic

and e�cien t. The c alculational metho d is ab out enhancing the

h uman b eing's innate abilities b y reducing as m uc h as p ossible of

the construction pro cess to elemen tary syn tactic calculation.

A ma jor problem in the deriv ation of hardw are (and soft w are as w ell) is in

k eeping the size of the deriv ations manageable, while retaining precision:

The calculational metho d ... aims to com bine precision with con-

cision. [2]

T erms represen ting circuits can easily b ecome v ery large. While pro of-

c hec king programs lik e HOL [10] or PVS [40] ma y help in managing the

complexit y , they o�er little help in the w a y of understanding. In order for

h uman b eings to b e able to understand deriv ations w e m ust �nd w a ys to

k eep the size and complexit y under con trol. Calculational metho dists ha v e

found a n um b er of w a ys to do so. Go o d in tro ductions to the calculational

metho d include [0, 1, 2, 12, 13, 53]. Some of the w orks that adv o cate the use of

calculational tec hniques in programming are [4, 5, 7, 20, 37]. Graham et al. [19]

15
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prop ose a more calculational approac h to mathematics, although the tec h-

niques they use are more useful in the analysis rather than the deriv ation of

algorithms.

In the next section the pro of format that w e use is explained; then an example

pro of in calculational st yle is sho wn. Finally , section 1.2 deals with rules for

e�ectiv e reasoning with �xed p oin ts.

1.0 Pro of format

W e will structure most pro ofs as a c hain of equalities (or inequalities). The

pro of that P � Q b ecause P � R and R � Q w ould b e written as

P

� f hin t wh y P � R g

R

� f hin t wh y R � Q g

Q

(The sym b ol � stands for logical equiv alence, whic h is just equalit y on

b o oleans.) An imp ortan t v ariation on this theme is a pro of of the form

P ) x = y , that can b e written as

x

= f assuming P g

y

This is often used when trying to deriv e a condition for x = y to hold. This

st yle of pro of presen tation is explained in detail in v an Gasteren [53].

1.1 An example pro of ab out max

As an example of what a calculational pro of is, consider the follo wing: w e

wish to pro v e that m ultiplication distributes through the maxim um of t w o

n um b ers: for an y a � 0,

a � x " a � y = a � ( x " y ) ;( 1:0 )
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where r " s is the maxim um of t w o n um b ers r and s . The usual de�nition

of " is

x " y =

�

x if x � y

y if y � x .

A problem with this is that it forces y ou to reason b y cases whenev er y ou

w an t to pro v e anything that men tions " . Consider instead the follo wing

c haracterization, discussed b y F eijen and Bijlsma in [16]:

x " y � z � x � z ^ y � z :

This equiv alence is clearly v alid, according to the old de�nition of " . It is

p ossible to sho w that there is just one function that satis�es this equation;

hence it ma y b e tak en as an alternativ e de�nition of " , one that is to b e

greatly preferred, b ecause it a v oids case analysis.

W e w an t to pro v e ( 1:0 ). F or a = 0 it clearly holds, so w e only need to pro v e it

for a > 0. W e could do it b y sho wing the t w o inclusions a � x " a � y � a � ( x "

y ) and a � ( x " y ) � a � x " a � y ; but this w ould in v olv e t w o separate argu-

men ts. W e'd b e eliminating a reasoning b y cases, only to replace it b y a

t w o-part pro of. The c hallenge is: can w e pro duce a pro of in one go?

There is a general la w ab out partial orderings that can help us:

x = y � 8 ( z :: x � z � y � z )

It is sometimes called the la w of \indirect equalit y". Its usefulness is in

making it easy to apply la ws lik e the " c haracterization. Returning to our

problem, w e calculate as follo ws: for an y z ,

a � x " a � y � z

� f c haracterization g

a � x � z ^ a � y � z

� f a is p ositiv e g

x � z =a ^ y � z =a

� f c haracterization g

x " y � z =a

� f a is p ositiv e g

a � ( x " y ) � z :
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The hin t \ a is p ositiv e" refers to the use of the equiv alence

( a � x � y � x � y =a ) ( a > 0 ;

whic h is similar in shap e to the " c haracterization, but is m uc h more widely

kno wn. Note that no real \reasoning" is required b y the ab o v e pro of; it is a

simple calculation. With practice, it requires v ery little e�ort. The practical

b ene�ts are great. Pro ofs that required substan tial e�ort are reduced to

formal manipulation of sym b ols.

1.2 The �xed p oin t calculus

The Eindho v en Mathematics of Program Construction group has collected a

set of rules that mak e it easier to calculate with �xed p oin ts [39]. W e giv e

here a brief accoun t of the �xp oin t rules.

In this section, the letters f , g , h will stand for monotone functions o v er a

complete lattice. Recall that a complete lattice is a lattice where meets and

joins of arbitrary sets of elemen ts exist. Let A b e a complete lattice, and

� b e the asso ciated order relation. An elemen t a 2 A is said to b e a pr e�x

p oint of function f i� f :a � a . W e'll denote the least pre�x p oin t of f b y

�f . Hence the follo wing induction rule holds:

�f � a ( f :a � a :

An elemen t a is said to b e a �xe d p oint of f i� f :a = a . The main to ol that

is used in what follo ws is the Knaster-T arski theorem:

Theorem 1:1 (Knaster-T arski) if f is a monotone function o v er a com-

plete lattice, then it has a least �xed p oin t, that coincides with the least of

its pre�x p oin ts.

2

This theorem pro v es the follo wing c omputation rule :

f :�f = �f :

The rest of the �xed-p oin t calculus rules can b e deriv ed from the �rst t w o.
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Theorem 1:2 (rolling rule) � ( f

�

g ) = f :� ( g

�

f )

2

Let the p ointwise or dering b et w een functions b e de�ned b y

f v g � 8 ( x :: f :x � g :x ) :

W e then ha v e the follo wing:

Theorem 1:3 (simple � -fusion) �f � g :�h ( f

�

g v g

�

h

2

Theorem 1:4 (diagonal rule) Let � b e a binary op erator that is mono-

tone in b oth argumen ts. W e then ha v e that

� ( a 7! a � a ) = � ( a 7! � ( b 7! a � b )) :

2

The last rule b elo w is pro v ed in [39]:

Theorem 1:5 ( � -fusion) If f distributes o v er arbitrary joins, then w e

ha v e:

f :�g � �h ( f

�

g v h

�

f :

2
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Chapter 2

On the relation calculus

W e will write our sp eci�cations and our circuits in p oin t-free relation alge-

bra. A brief in tro duction to our st yle of relation algebra follo ws; for a more

complete treatmen t see [0].

Conducting calculations in a p oin t-free st yle is adv an tageous, b ecause man y

prop erties can b e stated in a v ery concise form; for instance, the prop ert y

\ R is an injectiv e relation" can b e simply stated as R

[

�

R � I . Ho w ev er,

not all calculations are p ossible or con v enien t to do in a p oin t-free manner.

As w e ha v e tried to demonstrate, relation algebra is an excellen t

v ehicle for concise expression of fundamen tal notions in comput-

ing. It should not b e supp osed, ho w ev er, that it will ev er com-

pletely replace the p oin t wise predicate calculus. A degree of go o d

taste is essen tial to deciding where and when p oin t-free reasoning

is to b e preferred.

Do orn b os, v an Gasteren, Bac khouse [15]

2.0 Basic de�nitions and prop erties

A (binary) relation o v er a set U is a set of pairs of elemen ts of U . F or x , y

in U and R a relation o v er U , w e write x h R i y instead of ( x; y ) 2 R . When

a relation R satis�es

x h R i y ^ z h R i y ) x = z

21
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w e sa y that the relation is deterministic . The reason for this name is that

w e usually in terpret relations as programs taking input from the righ t and

pro ducing output on the left. In this w a y a deterministic relation is in ter-

preted as a program with deterministic b eha viour. The reason for the c hoice

of in terpreting the righ t domain as input, is to follo w the con v en tion used

in functional programming, where the term f

�

g is usually in terpreted as

a program that �rst applies g to the input, and then applies f to the result.

Programming with relations is then an extension of functional programming.

If R is deterministic, then it ma y b e considered as a function with domain on

the righ t side and range on the left side; w e denote b y R :y the unique x suc h

that x h R i y holds, if suc h an x exists. W e usually use the letters f , g , h to

stand for deterministic relations. W e use the con v en tion that \." asso ciates

to the righ t so that f :g :x should b e parsed as f : ( g :x ) . (This is con trary to

the con v en tion used in the lam b da calculus.)

Relations are ordered b y the usual set inclusion ordering. Hence the set of

relations o v er a giv en set U forms a complete lattice. The relation corres-

p onding to the empt y set is denoted b y ? ? , and the relation that con tains all

pairs of elemen ts of U is denoted b y > > . The identity r elation , I , is de�ned

b y

x h I i y � x = y :

The comp osition of t w o relations R , S is denoted b y R

�

S and de�ned b y

x h R

�

S i y � 9 ( z :: x h R i z ^ z h S i y ) :

Comp osition is asso ciativ e and has unit elemen t I :

R

�

I = I

�

R = R

( R

�

S )

�

T = R

�

( S

�

T ) :

F urthermore, comp osition is monotonic in b oth argumen ts:

R

�

S � R

�

T ( S � T

R

�

S � T

�

S ( R � T :

Rep eated comp osition of a relation R can b e denoted b y R

n

:

R

0

= I

R

n +1

= R

n

�

R for n � 0.
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The con v erse of a relation R is written R

[

(pronounced R wok ) and is de�ned

b y

x h R

[

i y � y h R i x:

Con v erse satis�es the prop erties

R

[ [

= R

( R

�

S )

[

= S

[

�

R

[

:

A monotyp e is a relation A suc h that A � I . An example of a monot yp e is

N , de�ned b y

n h N i m � n = m ^ ( n is a natural n um b er) :

There is a clear one-to-one corresp ondence b et w een the subsets of U and

the monot yp es; and this mak es it p ossible to em b ed set calculus in relation

calculus. The left domain of relation R , denoted R

<

, is the least monot yp e

A suc h that A

�

R = R . As its name suggests, R

<

represen ts the set of all

x suc h that x is related b y R to some y . The right domain of relation R ,

denoted b y R

>

, is de�ned in a similar w a y as the least monot yp e A suc h that

R

�

A = R .

A left c ondition is a relation R suc h that R = R

�

> > . Clearly , if R is a left

condition, then for all x , 9 ( y :: x h R i y ) � 8 ( z :: x h R i z ). This suggests

that a left condition ma y also b e in terpreted as a set, as w e ma y tak e it to

represen t the set of v alues x suc h that 9 ( y :: x h R i y ). W e usually abuse

notation b y writing x 2 R in place of 9 ( y :: x h R i y ) when R is a left

condition. A right c ondition is de�ned analogously , but w e will not need to

use righ t conditions in this thesis.

There is ob viously a 1{1 corresp ondence b et w een monot yp es and left con-

ditions giv en b y the functions R 7! R

<

and R 7! R

�

> > . Making the righ t

c hoice of whic h to use can simplify calculations a great deal. W e use b oth in

this thesis.

2.1 P airs and pro duct

F rom this p oin t on w ards w e will assume that the set U is closed under pairing:

giv en x and y c hosen arbitrarily among the elemen ts of U , w e assume that

the pair ( x; y ) is also in U .
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The relation R

4

S (pronounced R split S ) is de�ned as the least relation X

suc h that for all x , y and z ,

( x; y ) h X i z � x h R i z ^ y h S i z :

Note that the requiremen t that R

4

S b e the le ast relation satisfying the

ab o v e equation in X implies that there is no y suc h that x h R

4

S i y when x

is not a pair. That is, the left domain of R

4

S is a set of pairs.

It is common practice in mathematics not to mak e explicit that what is b eing

de�ned is the least solution of a certain equation. \W e de�ne the relation

R

4

S b y ( x; y ) h R

4

S i z � x h R i z ^ y h S i z " is the more usual w a y to express

the ab o v e de�nition. F or brevit y w e adopt this practice from no w on.

Split enjo ys the prop ert y

( R

4

S )

�

T = ( R

�

T )

4

( S

�

T ) ( S

�

T

�

T

[

� S:( 2:0 )

The an teceden t holds, for example, when T is a deterministic relation (since

then T

�

T

[

� I ). It also holds if S is a left condition.

W e de�ne R � S (pronounced R times S ) b y

( x; y ) h R � S i ( z ; v ) � x h R i z ^ y h S i v :

The pr oje ction relations � and � are de�ned b y

x h� i ( y ; z ) � x = y and x h�i ( y ; z ) � x = z :

The follo wing prop erties are easily pro v ed:

R � S

�

T � U = ( R

�

T ) � ( S

�

U )

R � S

�

T

4

U = ( R

�

T )

4

( S

�

U ) :

( 2:1 )

These la ws are used most frequen tly in calculations. W e call them fusion

la ws, b ecause they allo w to \fuse" t w o pro ducts in to one (or a pro duct and

a split in to a split). The fusion la ws will allo w us in c hapter 3 to dra w a

picture of, sa y , R � S

�

T � U without am biguit y .

T o complete this brief surv ey of relation algebra w e m ust in tro duce the re-


exiv e, transitiv e closure of a relation (see e.g. [14]), whic h ma y b e de�ned

for relation R as a least �xed p oin t of a certain function:

R

�

= � ( X 7! I [ R

�

X ) :
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[ < >

� � $

all unary op erators

: function application

� +

4 5

pro duct, sum, split, junc

�

relational comp osition

[ \ union, in tersection

= � equalit y , inclusion

^ _ conjunction, disjunction

) ( implication, consequence

� b o olean equiv alence

T able 2.0: Precedence of op erators, from highest to lo w est

In [14] it is pro v ed that the \unique extension prop ert y" (uep) of the re
exiv e,

transitiv e closure:

R = S

�

�

T � R = T [ S

�

R( 2:2 )

holds if S is wel l-founde d and, furthermore, S is w ell-founded if it enjo ys the

prop ert y X = S

�

X ) X = ? ? for all relations X .

The large n um b er of binary op erators that w e use ma y mak e it di�cult to

parse our expressions; but the precedences w ere carefully c hosen in order to

minimise the need for paren theses, and the spacing around op erators hin ts

at the w a y to read a form ula. See table 2.0 for a complete list of precedences.

2.2 An example: bisim ulations

The follo wing example is to sho w the p o w er and concision of the relational

calculus.

Milner de�nes a theory of pro cesses in his Calculus of Comm unicating Sys-

tems [38], where a pro cess is, roughly , a graph with lab elled arc hes. Suc h a

graph can b e mo delled using a collection of relations, one relation for eac h

lab el. Let's call A the set of lab els; for ev ery a 2 A w e'll write

a

! for the

relation corresp onding to the lab el a . Th us t w o v ertices are connected b y an

a -lab elled arc h if and only if the relation

a

! holds b et w een those t w o v ertices.

A bisimulation is a relation R suc h that, for all a 2 A :

p h R i q )

( i ) if p h

a

! i p

0

, then q h

a

! i q

0

for some q

0

, and p

0

h R i q

0

( ii ) if q h

a

! i q

0

, then p h

a

! i p

0

for some p

0

, and p

0

h R i q

0

:

( 2:3 )
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This de�nition is b othersome to lo ok at, not to men tion to reason with.

A m uc h shorter de�nition of bisimilarit y is the follo wing:

R is a sim ulation � 8 ( a : a 2 A : R

[

�

a

! �

a

!

�

R

[

)( 2:4 )

and R is a bisim ulation if and only if b oth R and R

[

are sim ulations.

Aside Ho w do es one arriv e at a de�nition suc h as ( 2:4 )? Here is a deriv-

ation: �rst note that ( 2:3 ) equiv ales, for all p , q , p

0

and q

0

,

( p h R i q ) ( i )) ^ ( p h R i q ) ( ii )) :

No w w e manipulate the �rst conjunct: for all a 2 A , p , q and p

0

,

p h R i q ) ( i )

� f rewrite with existen tial quan ti�er g

p h R i q ) ( p h

a

! i p

0

) 9 ( q

0

:: q h

a

!i q

0

^ p

0

h R i q

0

))

� f prop ositional calculus g

p h R i q ^ p h

a

! i p

0

) 9 ( q

0

:: q h

a

! i q

0

^ p

0

h R i q

0

)

� f de�nitions of con v erse and comp osition g

q h R

[

�

a

!i p

0

) q h

a

!

�

R

[

i p

0

� f de�nition of inclusion g

q h R

[

�

a

! �

a

!

�

R

[

i p

0

Hence w e ha v e pro v ed

8 ( p; q ; p

0

:: p h R i q ) ( i )) � R

[

�

a

! �

a

!

�

R

[

:

and similarly w e can pro v e

8 ( p; q ; q

0

:: p h R i q ) ( ii )) � R

�

a

! �

a

!

�

R :

End aside.

Giv en this shorter de�nition, it b ecomes easy to pro v e things ab out bisim u-

lations:

F act: if R ; S are bisim ulations, then all of

( i ) I ( iii ) R

�

S

( ii ) R

[

( iv ) R [ S
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are bisim ulations to o.

( i )

I

[

�

a

! �

a

!

�

I

[

� f I is symmetric g

I

�

a

! �

a

!

�

I

� f I is the unit of

�

g

a

! �

a

!

( ii ) follo ws from R

[ [

= R

( iii )

( R

�

S )

[

�

a

! �

a

!

�

( R

�

S )

[

� f

[

distributes o v er

�

g

S

[

�

R

[

�

a

! �

a

!

�

S

[

�

R

[

( f R is a bisim ulation;

�

is monotonic; transitivit y g

S

[

�

a

!

�

R

[

�

a

!

�

S

[

�

R

[

( f monotonicit y of

�

g

S

[

�

a

! �

a

!

�

S

[

� f S is a bisim ulation g

true

( iv )

( R [ S )

[

�

a

! �

a

!

�

( R [ S )

[

� f

[

distributes o v er [ g

( R

[

[ S

[

)

�

a

! �

a

!

�

( R

[

[ S

[

)

� f

�

distributes o v er [ g

( R

[

�

a

! ) [ ( S

[

�

a

! ) � (

a

!

�

R

[

) [ (

a

!

�

S

[

)

( f R ; S are bisim ulations; [ is monotonic; transitivit y g

(

a

!

�

R

[

) [ (

a

!

�

S

[

) � (

a

!

�

R

[

) [ (

a

!

�

S

[

)

� f X � X g

true
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Chapter 3

Ab out circuits

This c hapters describ es a calculus of circuits based on the previous c hap-

ter's calculus of relations. In particular w e are going to sp ecify that the

univ erse U on whic h the relations are de�ned is a set of str e ams , that is,

functions from the in tegers. W e then de�ne lifte d relations, whic h mo del

com binational circuits, and delay relations, whic h mo del memory elemen ts,

and other primitiv e circuits, as w ell as w a ys to build larger circuits b y com-

bining circuits together. A formal de�nition of what w e mean b y \circuit"

is giv en. Finally , w e giv e a n um b er of rules for circuit transformation. Man y

prop erties of circuits are giv en; most of the pro ofs are to b e found in the

app endices.

The formalization of circuits w e giv e in this c hapter is along the lines of the

Rub y language of Mary Sheeran and Gerain t Jones. Go o d Rub y tutorials

include [24, 25, 49]. Our v ersion of Rub y uses a di�eren t syn tax, and a di�eren t

in terpretation for pro duct. The reason for our c ho osing a di�eren t syn tax

is to b e \compatible" with previous w ork on relation algebra in Eindho v en,

and to ease legibilit y . In fact, w e feel that expressions lik e the Rub y

[ R ; S; T ; V ]( 3:0 )

are m uc h less legible than the alternativ e

( R

�

S ) � ( T

�

V )

b ecause \," is smaller than \;", so man y p eople incorrectly read ( 3:0 ) as

[ R ; ( S; T ); V ] :

29
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In standard Rub y the term R � S is in terpreted as a relation b et w een pair-

v alued streams (see b elo w). In this thesis w e in terpret R � S as a relation

b et w een p airs of str e ams . A discussion of this c hoice is in c hapter 11.

A further di�erence b et w een our calculus and standard Rub y is that w e

generally think of righ t-to-left as the default direction of tra v el of data. This

corresp onds to the con v en tion used in functional programming, where f

�

g

is the program executed b y �rst ev aluating g , then f . In Rub y the opp osite

con v en tion is used.

3.0 Circuits and lifted relations

F ollo wing established practice (see [10, 25, 46]) w e mo del a circuit as a relation

b et w een arbitrary collections of str e ams , a stream b eing a total function with

domain the in teger n um b ers. Abusing language somewhat, w e will use the

w ord \circuit" to mean an actual circuit, or a relation b et w een streams as

describ ed ab o v e. Con text should mak e clear whic h one is mean t.

W e usually denote (collections of ) streams b y the letters a through e .

As an alternativ e to our de�nition, it is p ossible to de�ne streams as functions

on the natural n um b ers (rather than the in tegers); but this leads to a more

complicated theory , where some equalities no longer hold (for details see [24]).

Our de�nition corresp onds in a sense to ignoring initialisation problems. One

ma y see here an analogy with traditional deriv ation of programs where one

can factor a pro of of correctness in to a pro of of partial correctness together

with a pro of of termination. What w e ha v e instead is a deriv ation of a circuit

that is correct pro vided that the circuit can b e initialized. This lea v es us with

the obligation of pro ving that our circuits can b e correctly initialized. W e

will not dev ote m uc h space to this latter problem. W e trust that the reader

will see that our circuits can b e initialized pro vided that there is a w a y to

set the con ten ts of all b o olean dela ys to appropriate v alues. W e assume that

some \reset" wire exists in the implemen tation that p erforms this function,

and w e will not giv e further men tion to this issue.

Giv en a relation R , a relation b et w een streams can b e constructed b y \lift-

ing": a h

_

R i b � 8 ( n :: a:n h R i b:n ). Hence for an y R , relation

_

R is a

circuit. Note that, for deterministic relation f , stream a and in teger m ,

f :a:m = (

_

f :a ) :m . W e refer to this prop ert y in our calculations b y the hin t

\lifting". Circuits can b e built b y relational comp osition, and pro duct: giv en

R and S , t w o circuits, the relations R

�

S and R � S are also circuits. Other

com bining forms exist; a formal de�nition is in page 34.
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3.1 Dela ys and stream iden tit y

A particular relation on streams is the primitive delay , denoted b y @ and

de�ned b y

a h @ i b � 8 ( n :: a: ( n + 1) = b:n ) :

The delay relation, written � , is a generalisation of primitiv e dela y to ar-

bitrary pairings of streams. It is de�ned as the least �xed p oin t of function

X 7! @ [ X � X :

� = � ( X 7! @ [ X � X ) :

Dela y can b e though t of informally as the union of an in�nite list of terms

� = @ [ @ � @ [ @ � ( @ � @ ) [ ( @ � @ ) � @ [ ( @ � @ ) � ( @ � @ ) [ : : :

The antidelay � is de�ned to b e the con v erse of dela y . In the in terpretation

as circuits, a dela y is a memory elemen t that, at ev ery clo c k tic k, outputs

the con ten ts of memory on the left side and replaces the con ten ts of memory

with the input on its righ t side. The in terpretation of an tidela ys is the same,

with the role of \left" and \righ t" rev ersed. (Op erationally , one should tak e

care to in terpret the righ t hand side of a dela y as the input, and the left hand

side as the output; the opp osite holds for the an tidela y . See section 3.6 for

further details on the op erational in terpretation of dela ys.) Note that b oth

� and � are deterministic.

W e de�ne the iden tit y relation for streams in a w a y that is similar to ho w

w e de�ned dela y . The primitive str e am identity is de�ned b y

a h � � i b � 8 ( n :: a:n = b:n ) :

The iden tit y on arbitrary pairings of streams, denoted b y � , is then de�ned

b y

� = � ( X 7! � � [ X � X ) :( 3:1 )

The dela y relations apply the primitiv e dela y @ to a collection of wires, in-

dep enden tly of the shap e of the collection: for 3 2 f � ; � g ,

3

�

� � � = 3 � 3 = � � �

�

3 :( 3:2 )
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(see the pro of in section A). These equations express the fact that applying

dela y or an tidela y to a pair of (collections of ) wires ( 3

�

� � � ) is the same

as applying it to eac h comp onen t of the pair ( 3 � 3 ). F rom this prop ert y ,

one immediately obtains the follo wing useful distributivit y prop erties: for

3 2 f � ; � g ,

3

�

R � S = ( 3

�

R ) � ( 3

�

S )

R � S

�

3 = ( R

�

3 ) � ( S

�

3 )

3

�

R

4

S = ( 3

�

R )

4

( 3

�

S ) :

( 3:3 )

A domain prop ert y that w e use frequen tly is

�

<

= �

>

= � = �

<

= �

>

:( 3:4 )

F rom ( 2:0 ) and the fact that dela ys are deterministic, one obtains

R

4

S

�

3 = ( R

�

3 )

4

( S

�

3 ) :( 3:5 )

When reasoning p oin t wise, it is useful to remem b er the delay intr o duction

rules: for all streams a and in tegers n ,

a:n = ( � :a ) : ( n + 1) and a: ( n + 1) = ( � :a ) :n

Other imp ortan t prop erties of dela ys are in tro duced in section 3.5.0.

3.2 Other circuit primitiv es

A particular wiring relation is term (for \terminator"), de�ned b y

term = �

4

�

�

> > :

It is easy to calculate that term satis�es, for all a , b and c ,

( a; b ) h term i c � a = b:

W e write K

x

for a \constan t circuit", actually a left condition, de�ned b y

a h K

x

i b � 8 ( n :: a:n = x ) :
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An ob vious prop ert y of constan t circuits is

K

x

�

R = K

x

�

R

>

for all R .

Note that K

x

is a lifted relation, with K

x

=

_

f and f :y = x for all y .

The fe e db ack of a circuit R , written R

�

, is de�ned b y

a h R

�

i b � a h R i ( b; a );( 3:6 )

for f a deterministic relation, the ab o v e can b e written

a = f

�

:b � a = f : ( b; a ) :( 3:7 )

Lo op and feedbac k are describ ed, e.g., in Rietman [46, pages 23{25]. The

feedbac k can b e de�ned within the algebra, since the follo wing

R

�

= ( R \� )

�

�

4

> >

is equiv alen t to ( 3:6 ). The lo op of a relation R , denoted b y R

$

, is de�ned b y

a h R

$

i b � 9 ( c :: ( a; c ) h R i ( b; c )) :

Lo op and feedbac k enjo y the follo wing prop erties:

R

�

= ( �

4

�

�

R )

$

lo op-feedbac k

R

�

S

$

�

T = ( R � �

�

S

�

T � � )

$

lo op fusion

( � � R

�

S )

$

= ( S

�

� � R )

$

lo op leapfrog

R

�

= ( R \ � )

�

�

4

R

�

feedbac k unfolding

( R � S )

$

= R if S 6= ? ?

R

$

� S

$

= ( zip

�

R � S

�

zip )

$

R

$

�

S

$

= ( rsh

�

R � �

�

zip

�

S � �

�

lsh )

$

:

( 3:8 )

F or an y t w o lifted relations

_

R and

_

S , de�ne

_

R

5

_

S (pronounced \junc") b y

a h

_

R

5

_

S i ( b; c ) � 8 ( t : : ( b:t ) : a:t h R i c:t ) ^ 8 ( t : b:t : a:t h S i c:t );

junc can b e de�ned b y means of lifting of an \if-then-else" function. Junc

is esp ecially useful within a feedbac k lo op. F or instance, the follo wing is a

circuit that coun ts the n um b er of consecutiv e \ true " v alues it inputs:

( K

0

5

(

_

+1 )

�

� � � )

�

:

When the input is true , the output is one plus the previous output. When

the input is false , the output is zero.
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3.3 Summary of circuits

W e ma y no w de�ne what a circuit is:

De�nition 3:9 cir cuit

0. If R is a relation then

_

R is a circuit.

1. The iden tit y � , the pro jections � and � and term are circuits.

2. If R , S are circuits, then R

�

S , R � S , R

4

S , R

�

and R

[

are circuits.

3. Dela ys and an tidela ys are circuits.

A circuit R is said to b e c ombinational if it is de�ned exclusiv ely b y means

of the �rst three items in the ab o v e list; i.e., if dela y and an tidela y do not

app ear in its de�nition.

A circuit term has an in terpretation as a picture that is often useful as an aid

to understanding ho w a circuit term is in terpreted as a real circuit. Figure 3:0

sho ws the corresp ondence b et w een pictures and circuit terms. Note that the

con v en tion for dra wing e.g., R � S , is that R is dra wn b elow S ; the same

con v en tion holds for R

4

S .

3.3.0 On com binational paths and systolic circuits

The picture in terpretation of a circuit suggests that w e ma y in terpret a circuit

as a graph, where dela ys and lifted relations are v ertices, and ev erything else

(the wires) is the edges. A c ombinational p ath is a path in the graph that

do es not con tain dela ys. F or instance, in the circuit in the �gure b elo w,

^

^

a

b

there is a com binational path from no de a to no de b . The presence of long

com binational paths is usually bad from the p oin t of view of the p erformance

of a circuit. The longer a com binational path is, the longer it tak es for the

circuit to \settle do wn" after a c hange of state of the inputs [28].
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� � � term

R R S

S

R

S

R

_

R R

�

S R � S R

4

S

5

S

R

R

_

R

5

_

S R

�

� �

Figure 3:0 : Circuits and their pictures

The op erational in terpretation that w e giv e to our circuits is that of syn-

c hronous circuits. Lifted relations corresp ond to com binational circuits, and

dela ys to memory elemen ts. W e supp ose the existence of a global clo c k. A t

ev ery tic k of the clo c k, all dela ys c hange state, b y reading their input and

accepting it as their new state.

A com binational circuit, e.g.

_

^ , will not c hange its output immediately after

a c hange in its input. A certain time is needed b efore the output b ecomes

stable and correct; therefore after eac h c hange of state of the dela ys, a p erio d

of time ensues where the com binational elemen ts compute their new output

v alues. Only after all of the com binational elemen ts ha v e settled do wn on a

v alue it is safe to execute the next state transition. Since all dela ys c hange

state sim ultaneously , the clo c k p erio d m ust b e long enough to allo w for the

longest of all com binational paths to settle do wn. If one path is considerably

longer than the others, this means that some parts of the system will settle

do wn b efore others, and they p erform no useful computation while they w ait

for the other parts to settle do wn.
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F or these reasons, it is preferable to k eep all com binational paths as small as

p ossible, so that no part of the circuit w astes time w aiting for other parts to

settle do wn.

A circuit is said to b e systolic when there are no com binational paths; in

other w ords, when all paths b et w een com binational elemen ts are in terrupted

b y at least a dela y [31].

The op erational in terpretation of circuits is formalized in c hapter 9, where

the in terpretation of a circuit as a graph is used, to translate a circuit in to

an imp erativ e program.

3.4 Wiring relations

There is a class of relations that, rather than \p erforming an op eration" on

v alues, simply rearranges a structure of v alues in to another structure. An

example is the swap op eration, that is de�ned as the smallest relation suc h

that

( a; b ) h swap i ( b; a )

Relations suc h as swap are usually pictured as a rearrangemen t of wires:

W e call suc h relations \wiring" relations. Other examples of wiring relations

are I , � and � , and all relations built from wiring relations b y comp osition,

split and pro duct.

3.4.0 Zips

It is common in functional programming to use a function called

f

zip , whic h

is usually de�ned as

f

zip : ([] ; []) = []

f

zip : ( a : as; b : bs ) = ( a; b ) :

f

zip : ( as ; bs )
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zip rsh lsh

Figure 3:1 : Wiring relations

(here w e write a : as for the list that has head a and tail as , and [] for

the empt y list; more on this functional programming notation in c hapter 9).

F unction

f

zip transforms a pair of lists in to a list of pairs:

f

zip : ([ a; b; c ] ; [ d; e; f ]) = [( a; d ) ; ( b; e ) ; ( c; f )] :( 3:10 )

(Note that the de�nition of zip ab o v e holds for in�nite as w ell as �nite lists.)

W e de�ne a wiring relation that is the same as

f

zip ab o v e, that relates a pair

of pairs to a pair of pairs:

(( a; b ) ; ( c; d )) h zip i (( a; c ) ; ( b; d )) :( 3:11 )

Figure 3:1 sho ws a picture in terpretation of zip . T o relate zip with

f

zip , note

that when applied to a pair of t w o-elemen ts list

f

zip satis�es:

f

zip : ([ a; b ] ; [ c; d ]) = [( a; c ) ; ( b; d )] :

F rom the de�nition, a n um b er of prop erties follo w immediately:

zip = zip

[

zip

�

zip = ( I � I ) � ( I � I )

zip

�

( R � S ) � ( T � U ) = ( R � T ) � ( S � U )

�

zip

zip

�

( R � S )

4

( T � U ) = ( R

4

T ) � ( S

4

U )

zip

�

( R

4

S ) � ( T

4

U ) = ( R � T )

4

( S � U ) :

( 3:12 )

All of these equations are easily pro v ed b y p oin t wise reasoning. The pro of of

the third equation is:
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(( a; b ) ; ( c; d )) h zip

�

( R � S ) � ( T � U ) i (( x; y ) ; ( z ; w ))

� f de�nition ( 3:11 ) g

(( a; c ) ; ( b; d )) h ( R � S ) � ( T � U ) i (( x; y ) ; ( z ; w ))

� f de�nition of pro duct g

a h R i x ^ c h S i y ^ b h T i z ^ d h U i w

� f de�nition of pro duct g

(( a; b ) ; ( c; d )) h ( R � T ) � ( S � U ) i (( x; z ) ; ( y ; w ))

� f de�nition ( 3:11 ) g

(( a; b ) ; ( c; d )) h ( R � T ) � ( S � U )

�

zip i (( x; y ) ; ( z ; w )) :

The pro of of the fourth equation is

(( a; b ) ; ( c; d )) h zip

�

( R � S )

4

( T � U ) i (( x; y ) ; ( z ; w ))

� f de�nition ( 3:11 ) g

(( a; c ) ; ( b; d )) h ( R � S )

4

( T � U ) i (( x; y ) ; ( z ; w ))

� f de�nition of split and pro duct g

a h R i ( x; y ) ^ c h S i ( z ; w ) ^ b h T i ( x; y ) ^ d h U i ( z ; w )

� f de�nition of split and pro duct g

(( a; b ) ; ( c; d )) h ( R

4

T ) � ( S

4

U ) i (( x; y ) ; ( z ; w )) ;

and the pro of of the �fth equation is en tirely similar to the last one:

(( a; b ) ; ( c; d )) h zip

�

( R

4

S ) � ( T

4

U ) i (( x; y ) ; ( z ; w ))

� f de�nition ( 3:11 ) g

(( a; c ) ; ( b; d )) h ( R

4

S ) � ( T

4

U ) i (( x; y ) ; ( z ; w ))

� f de�nition of split and pro duct g

a h R i ( x; y ) ^ c h S i ( x; y ) ^ b h T i ( z ; w ) ^ d h U i ( z ; w )

� f de�nition of split and pro duct g

(( a; b ) ; ( c; d )) h ( R � T )

4

( S � U ) i (( x; y ) ; ( z ; w )) :
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3.4.1 Left and righ t shifts

Other useful wiring relations are lsh and rsh , de�ned b y

(( a; b ) ; c ) h lsh i ( a; ( b; c )) and ( a; ( b; c )) h rsh i (( a; b ) ; c ) :

The names stand for \left shift" and \righ t shift". Clearly it holds

lsh

�

rsh = ( � � � ) � � and rsh

�

lsh = � � ( � � � ) :

Figure 3:1 on page 37 sho ws picture in terpretations of lsh and rsh .

3.5 Circuit transformations

In this section, w e illustrate some tec hniques that can b e used to impro v e

the p erformance of circuits. The t w o most imp ortan t tec hniques that are

used to transform circuits are slo wdo wn and retiming. These tec hniques

w ere in tro duced in t w o pap ers b y Leiserson and Saxe [32, 33]. Additional

bibliograph y can b e found in F.T. Leigh ton's b o ok [30]. The presen tation

here is based on Jones [24].

3.5.0 Retiming

R etiming [33] is a transformation that is essen tially based on the follo wing

la ws: giv en that R is a circuit as de�ned ab o v e,

�

�

R = R

�

� and �

�

R = R

�

� :( 3:13 )

These la ws can b e pro v ed b y structural induction on de�nition 3:9 ; see sec-

tion A. Com bining ( 3:13 ) with the prop ert y that

�

�

� = � = �

�

�( 3:14 )

w e obtain the prop erties

R = �

�

R

�

� and R = �

�

R

�

�( 3:15 )

for all circuits R . The use of the retiming la w in circuit design is illustrated

in example 3:19 on page 42.
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�

�

term term �

�

� �

Figure 3:2 : Comparing instances of ( 3:16 ) and ( 3:15 )

Note that the retiming la w ( 3:15 ) breaks do wn when the domain of streams

is tak en to b e the natural n um b ers rather than the in tegers. Instead of

equalities one obtains isomorphisms up to retiming, making calculations more

cum b ersome.

A useful prop ert y of term is that, for 3 2 f � ; � g ,

3

�

term = term :( 3:16 )

In fact:

3

�

term

= f ( 3:2 ) g

3

4

3

�

> >

= f ( 3:5 ) g

�

4

�

�

3

�

> >

= f for all R , it holds R

�

> > = R

<

�

> > g

�

4

�

�

3

<

�

> >

= f ( 3:4 ) g

term :

An in tuitiv e understanding of wh y this la w is true can b e gained b y comparing

the picture in terpretation of ( 3:16 ), with the picture in terpretation ( 3:15 ), for

R = � (see �gure 3:2 ): the pictures are the same, mo dulo the orien tation of

the wires.



3.5. Circuit transformations 41

3.5.1 Slo wdo wn

Another optimisation tec hnique is slo wdo wn [26]. Giv en a circuit R , the

circuit sl ow :R is de�ned b y

sl ow :R = B

�

R � R

�

B

[

;

where B , pronounced \bundle", is de�ned b y

B = � ( X 7! B [ X � X

�

zip )( 3:17 )

and B is de�ned b y

a h B i ( b; c ) � 8 ( n :: b:n = a: (2 n ) ^ c:n = a: (2 n + 1)) :

A bundle, when seen as a circuit with input on the righ t, is a device that

rep eatedly inputs a pair on the righ t, and outputs the elemen ts of the pair

one at a time on the left.

An immediate consequence of ( 3:17 ) is

� � �

�

B = B � B

�

zip = B

�

( � � � ) � ( � � � ) :( 3:18 )

It can b e sho wn b y structural induction (see section B) that, for an y circuit R ,

the circuit sl ow :R is equal to the one obtained b y replacing ev ery o ccurrence

of � and � in R b y �

�

� and �

�

� , resp ectiv ely . The slo w ed circuit is not

equiv alen t to the original one; it has di�eren t timing prop erties. A slo w ed

circuit can b e seen as a circuit that p erforms t w o indep enden t in terlea v ed

calculations, one on the o dd clo c k tic ks, the other on the ev en tic ks.

The reason for implemen ting a slo w ed v ersion of a circuit is that the extra

dela ys that are in tro duced can b e shifted around b y means of the retiming

la ws, with the general goal of making the circuit more systolic [32].

A slo w ed circuit generally tak es more area than its non-slo w ed coun terpart;

this is the consequence of ha ving t wice as man y dela ys. On the other hand,

the slo w ed circuit can often b e retimed in a w a y to mak e it faster. F urther-

more, the slo w ed circuit p erforms an extra in terlea v ed computation that can

b e exploited.
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Example 3:19 R etiming and Slowdown

T o illustrate the use of slo wing and retiming, supp ose w e are implemen ting

circuit

( � � �

�

R )

n

�

term( 3:20 )

for some n > 0. The picture in terpretation (for n = 3) sho ws a long com bin-

ational path:

R R R

By retiming, one obtains:

( � � �

�

R )

n

�

term

= f retiming ( 3:15 ) g

( �

�

� � �

�

R

�

� )

n

�

term

= f dela ys, ( 3:3 ) and ( 3:14 ) g

( � � �

�

R

�

� )

n

�

term

= f retiming ( 3:13 ) g

( � � �

�

R )

n

�

�

n

�

term

= f equation ( 3:16 ) g

( � � �

�

R )

n

�

term :

This transformation do es not buy us an ything, since the resulting circuit still

has a long com binational dela y:

R R R

But, if w e c ho ose to implemen t a slo w ed v ersion of ( 3:20 ) instead, w e ha v e:
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slow : (( � � �

�

R )

n

�

term )

= f slo wing is the same as doubling the dela ys;

assume R is com binational g

( � � ( �

�

� )

�

R )

n

�

term

= f fusion ( 2:1 ) g

( � � �

�

� � �

�

R )

n

�

term

= f the ab o v e deriv ation,

taking R := � � �

�

R g

( � � �

�

� � �

�

R )

n

�

term

= f fusion ( 2:1 ) g

( � � �

�

R )

n

�

term :

The last line is a circuit whose in terpretation has no long com binational

paths:

R R R

In fact, the length of the longest com binational path is no longer dep enden t

on n . Note that the placemen t of dela ys and an tidela ys implies that the 
o w

of data through the circuit is b oth from left to righ t and from righ t to left;

this is called \con tra-
o w".

Example 3:21 T angr am and shift r e gisters

The purp ose of this example is to sho w ho w the slo wdo wn theorem allo ws

one to reason ab out di�eren t implemen tations of bu�ers, and to in tro duce

the T angram language, whic h is describ ed in more detail in c hapter 9.

An n -places shift register is a device with an input stream a and an output

stream b , suc h that for all t ,

b:t = a: ( t � n ) :( 3:22 )

It is immediately ob vious that �

n

is a circuit that satis�es this sp eci�cation.
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In his Ph.D. thesis [51], V an Berk el discusses the pros and cons of t w o di�eren t

designs for shift registers. Belo w is the T angram co de from a tec hnical rep ort

b y V an Berk el and Rem [52], for what they call a \ripple register", with n = 2.

( a ? T & b ! T ) �

b egin

x 0 ; x 1 : v ar T

j forev er do b ! x 1; x 1 := x 0; a ? x 0 do

end

( 3:23 )

The circuit describ ed b y this T angram fragmen t is v ery similar to

�

2

:

It satis�es the same sp eci�cation ab out the input-output histories of its p orts

a and b ; and one could iden tify the t w o memory elemen ts named x 0 and x 1

in the ab o v e program with the t w o unnamed dela ys in �

2

, and v erify that

the sequences of v alues held in x 0 and x 1 are equal to the sequences of v al-

ues \held", resp ectiv ely , in the righ tmost and leftmost dela y . In [52] it is

remark ed that in ripple registers v alues tra v el through all of the memory ele-

men ts b efore b eing output, th us causing a relativ ely large energy dissipation.

The cause of the problem is the command x 1 := x 0. An alternativ e design

is then prop osed, called a \w agging register". A t w o-places w agging register

is describ ed b y the follo wing T angram fragmen t:

( a ? T & b ! T ) �

b egin

x 0 ; x 1 : v ar T

j forev er do b ! x 0; a ? x 0; b ! x 1; a ? x 1 do

end

( 3:24 )

The ab o v e program can b e seen to satisfy ( 3:22 ); y et there is no in ternal

cop ying of v alues, lik e in ( 3:23 ). The input v alues are written �rst in x 0 and

then in x 1, in alternating fashion. The result is a circuit that dissipates less

energy . The alternating b eha viour of ( 3:24 ) suggests that w e ma y obtain a

similar design b y means of bundles. Indeed, b y the slow theorem, w e kno w

that �

2

= B

�

� � �

�

B

[

. The righ t hand side of the last form ula closely

corresp onds closely to ( 3:24 ).

This example sho ws ho w m uc h more concise the relational notation is com-

pared to CSP-lik e notations. It also sho ws that this fragmen t of \register

theory" is a sp ecial case of the more general slow theorem.
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3.5.2 Pip elining

A standard tec hnique that can b e used to mak e a circuit systolic is pip elining ,

whic h consists in breaking a computation in more stages, b y placing dela ys,

in order to shorten propagation paths. This tec hnique is illustrated in the

follo wing example. Supp ose w e are to implemen t circuit

R

n

:( 3:25 )

By the retiming la w ( 3:15 ), w e ha v e that ( 3:25 ) is equal to

�

n

�

( �

�

R )

n

:( 3:26 )

If in ( 3:25 ) all information 
o ws from righ t to left, then the term

( �

�

R )

n

:( 3:27 )

is implemen table, but ( 3:26 ) is not, b ecause of the �

n

term. The solution

is to implemen t ( 3:27 ) only , and consider �

n

as an in terface that do cumen ts

the di�erence b et w een ( 3:25 ) and ( 3:27 ). This in terface can b e in terpreted to

mean that the results will app ear on the left side of circuit ( 3:27 ) exactly n

clo c k tic ks later than they do in the original circuit. The dela y in the arriv al

of results is called the latency time of a pip elined circuit.

In summary , when w e pip eline a circuit w e trade clo c k p erio d with latency

time.

3.6 Realizabilit y

W e conclude this c hapter with a remark on the realizabilit y of the circuits w e

deriv e. In the algebra of relations there is no notion of \input" or \output".

When one wishes to implemen t a relation algebra term as an actual circuit,

input and output directions m ust b e assigned to eac h wire. But not all

c hoices of directions yield an implemen table circuit. F or instance, if add is

a relation suc h that a h add i ( b; c ) � a = b + c , then c ho osing a as input

and b , c as output w ould yield a non-deterministic circuit. One m ust pa y

particular atten tion to dela ys and an tidela ys, since they can b e implemen ted

in just one w a y: ev ery dela y m ust ha v e input on the righ t side, and output

on the left side; and the other w a y around for an tidela ys. If there is no w a y

to c ho ose inputs and outputs suc h that ev ery dela y and an tidela y is driv en



46 Chapter 3. Ab out circuits

in the correct direction, then the circuit is not implemen table. F or instance,

the follo wing program,

�

�

add ;

when assigned input on the righ t hand side and output on the left hand side,

w ould pro duce a stream of n um b ers suc h that eac h one is the sum of the

t w o n um b ers that wil l b e input one clo ck tick in the futur e ! Since digital

tec hnology is not (y et) able to predict the future, it is reasonable to rule out

circuits suc h as this as non-implemen table.

A more formal and thorough discussion of implemen tabilit y is giv en in Hut-

ton's thesis [23]. Notes on the implemen tabilit y of bundle are in Sandum's

rep ort [47].



Chapter 4

T uples and generalised

pro ducts

This c hapter con tains in tro ductory material that is only needed for c hap-

ters 5, 6 and 10.

In the previous c hapter a calculus of circuits is in tro duced. The t w o main

com bining forms are comp osition and pro duct. In this c hapter w e generalise

pro duct to n -wide pro ducts; this will allo w us to describ e circuits whose size

and structure dep ends on in teger parameters. Most of the space is dedicated

to com bining forms, that are n -wide generalisations of op erators describ ed

in the previous c hapter.

W e generalise the relational pro duct to n -wide pro ducts. A pro duct of a

single relation is the relation itself. A pro duct of t w o relations is the usual

relational pro duct. The pro duct of n relations R

0

through R

n � 1

is R

0

� ( R

1

�

( : : : � R

n � 1

)). By adopting the con v en tion that � asso ciates to the righ t, w e

can write the ab o v e pro duct as simply R

0

� R

1

� : : : � R

n � 1

. Corresp onding

to n -wide pro ducts w e ha v e n -tuples. F or instance, a 3-tuple has the shap e

( a; ( b; c )) for some a , b , c . By adopting the con v en tion that pairing asso ciates

to the righ t, w e write the ab o v e tuple as simply ( a; b; c ).

Our con v en tion for represen ting tuples is am biguous: if w e substitute c :=

( d; e ) in ( a; b; c ) it turns out that the \3-tuple" is also a 4-tuple. This am bi-

guit y is not a problem for our purp oses. When w e write ( a; b; c ), all w e kno w

is that it represen ts a tuple of at le ast three elemen ts. The same am biguit y

happ ens with n -wide pro ducts: the pro duct R � S � T is 3-wide, but if w e

substitute T := U � V in it w e get a 4-wide pro duct.

W e no w de�ne a notion of left and righ t arity for circuits. First w e in tro duce

47
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the ( n ) family of monot yp es:

(1) = �

( n + 1) = � � ( n ) for n � 1 :

( 4:0 )

F or an y expression E in the p ositiv e in tegers, w e can assign a corresp onding

monot yp e ( E ) b y means of de�nition ( 4:0 ). When the expression is just a

n umeral or a single letter, w e can drop paren theses, and write n in place of

( n ).

W e sa y that R has right arity n i�

R = R

�

n:

similarly , w e sa y that R has left arity n whenev er

R = n

�

R :

W e tak e the expression R 2 n � m to mean that R has left arit y n and

righ t arit y m :

R 2 n � m � R = n

�

R ^ R = R

�

m:

So for instance w e can sa y that p oin t wise disjunction,

_

_ , has arit y 1 � 2.

The follo wing is a simple consequence of ( 4:0 ) and ( 3:1 ):

( n ) � ( m ) ( n > m:

4.0 Maps

W e no w de�ne new op erations. The w ell-kno wn map op eration generates the

pro duct of n copies of a circuit:

map

1

:R = R

map

n +1

:R = R � map

n

:R for n � 1

F or ev ery R , w e ha v e map

n

:R 2 n � n . Corresp onding to the fusion

la w ( 2:1 ) w e ha v e the map fusion la w:

map

n

: ( R

�

S ) = map

n

:R

�

map

n

:S:( 4:1 )
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R

R

R

R R R

R

R

R

R

R

R

R

map

4

:R tri

4

:R fold

4

:R

fork

4

zip

4

Figure 4:0 : Instances of tuple op erations

Supp ose F is a function from in tegers to circuits. The parallel comp osition

F : 0 � F : 1 � : : : � F : ( n � 1)

can b e represen ted b y extending the map notation in the follo wing w a y:

0

map : ( i : 0 � i < n : F :i ) :

In the remainder of the thesis, the subscripts will b e dropp ed from map and

similar op erations where they are easily inferred from the con text.

0

This extension of the map op erator is the only example of heter o gene ous c ombinator

that w e need in this thesis. Suc h com binators w ere in tro duced b y W a yne Luk in [34].

Luk's notation for map : ( i : 0 � i < n : F :i ) is k

0 � i<n

F

i

.
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4.1 F olds

Supp ose that a circuit R has arit y 1 � 2. T ypical examples of this kind of

circuit are lifted binary op erations lik e

_

^ . T o \apply"

_

^ to a collection of

wires, one w ould use a circuit of the shap e

^

^

^

The fold op eration generalises the ab o v e example

1

. W e de�ne fold b y

fold

1

:R = �

fold

n +1

:R = R

�

� � fold

n

:R for n � 1

F rom the de�nition, w e ha v e

fold

n

:R 2 1 � n:

A la w ab out map and fold is the follo wing: giv en R and S suc h that

R

�

S � S = S

�

R

then

fold

n

:R

�

map

n

:S = S

�

fold

n

:R :( 4:2 )

The pro of is b y induction on n ; for n = 1 it is trivially true. F or n + 1 w e

ha v e

fold

n +1

:R

�

map

n +1

:S

= f de�nitions g

R

�

� � fold

n

:R

�

S � map

n

:S

= f fusion, induction h yp othesis g

R

�

S � ( S

�

fold

n

:R )

= f pro viso: R

�

S � S = S

�

R ; fusion g

S

�

R

�

� � fold

n

:R

= f de�nition g

S

�

fold

n +1

:R :

1

The Rub y literature de�nes a similar construction called r dr .
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The pro viso R

�

S � S = S

�

R is a distributivit y requiremen t. F or instance,

if w e tak e ordinary addition for R , and w e tak e ( � x ) for S , i.e. S is the relation

that m ultiplies the input b y x , the pro viso equiv ales the distributivit y la w

for n um b ers, 8 ( y ; z :: x � y + x � z = x � ( y + z )). The pro viso is also satis�ed

b y c ho osing S = � , for an y circuit R .

4.2 F orks

A generalisation of �

4

� is fork , de�ned b y

fork

1

= �

fork

n +1

= �

4

fork

n

for n � 1

The arit y of fork is

fork

n

2 n � 1 :

Clearly it holds that

( a

1

; a

2

; : : : ; a

n

) h fork

n

i b � 8 ( i : 1 � i � n : a

i

= b ) :

The prop ert y analogous of ( 2:0 ) is, for f a deterministic relation,

fork

n

�

f � map

n

:f

�

fork

n

:( 4:3 )

4.3 T riangles

Another useful construct is tri (triangle), de�ned b y

tri

1

:R = �

tri

n +1

:R = � � ( tri

n

:R

�

map

n

:R ) for n � 1

The arit y of tri is:

tri

n

:R 2 n � n:

An alternativ e de�nition of tri is:

tri

n

:R = map : ( i : 0 � i < n : R

i

) :( 4:4 )
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There is a so-called Horner's rule [25] that is useful in reasoning with tri and

fold : if it is the case that R

�

S � S = S

�

R , then, for all n � 2

fold

n

:R

�

tri

n

:S = fold

n

: ( R

�

� � S ) :( 4:5 )

This rule is useful b ecause the righ t hand side suggests an implemen tation

that requires O ( n ) copies of S , whereas the left hand side requires O ( n

2

). If

w e tak e ordinary addition for R , and w e tak e ( � x ) for S , the rule corresp onds

to the w ell-kno wn Horner's rule for ev aluating p olynomials:

a

0

+ a

1

� x + a

2

� x

2

+ � � � + a

n

� x

n

= a

0

+ x � ( a

1

+ x � ( a

2

+ � � � + x � a

n

)) :

The pro of of Horner's rule is b y induction on n . F or n = 2 b oth sides of ( 4:5 )

reduce to R

�

� � S . F or n � 2,

fold

n +1

:R

�

tri

n +1

:S

= f de�nitions g

R

�

� � fold

n

:R

�

� � ( tri

n

:S

�

map

n

:S )

= f fusion g

R

�

� � ( fold

n

:R

�

tri

n

:S

�

map

n

:S )

= f tri :X and map :X comm ute; the pro of is simple g

R

�

� � ( fold

n

:R

�

map

n

:S

�

tri

n

:S )

= f b y the pro viso, w e can use ( 4:2 ) g

R

�

� � ( S

�

fold

n

:R

�

tri

n

:S )

= f induction h yp othesis g

R

�

� � ( S

�

fold

n

: ( R

�

� � S ))

= f fusion g

R

�

� � S

�

� � fold

n

: ( R

�

� � S )

= f de�nition g

fold

n +1

: ( R

�

� � S ) :

This concludes the pro of of Horner's rule.

4.4 Zips

The generalised v ersion of zip is as follo ws:

zip

1

: ( a; b ) = ( a; b )

zip

n +1

: (( a; b ) ; ( c; d )) = (( a; c ) ; zip

n

: ( b; d )) :
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The ab o v e is an acceptable relational de�nition, since a function is also a

relation. Informally , zip

n

transforms a pair of n -tuples in to an n -tuple of

pairs. The arit y of zip

n

is th us

zip

n

2 n � n � n:

F or n = 2 the ab o v e de�nition simpli�es to de�nition ( 3:11 ). A prop ert y of

zip , corresp onding to one of ( 3:12 ), is

zip

n

�

map

n

:R � map

n

:S = map

n

: ( R � S )

�

zip

n

;( 4:6 )

and a similar la w holds ab out zip and tri :

zip

n

�

tri

n

:R � tri

n

:S = tri

n

: ( R � S )

�

zip

n

:( 4:7 )

Tw o other la ws ab out zip

n

are

zip

n

�

map

n

:R

4

map

n

:S = map

n

: ( R

4

S )( 4:8 )

and

zip

n

�

fork

n

4

fork

n

= map

n

: ( �

4

� )

�

fork

n

:( 4:9 )

There is a la w that links zip

n

and zip

2

: for n � 2,

zip

n

= ( fold

n

: zip

2

)

[

;( 4:10 )

the pro of is b y induction:

zip

2

= ( fold

2

: zip

2

)

[

� f fold

2

= � � � g

zip

2

= zip

2

[

� f ( 3:12 ) g

true

and
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zip

n +1

= ( fold

n +1

: zip

2

)

[

� f de�nition of fold g

zip

n +1

= ( zip

2

�

� � fold

n

: zip

2

)

[

� f in v erse o v er comp osition g

zip

n +1

= � � fold

n

: zip

2

�

zip

2

� f b y induction g

zip

n +1

= � � zip

n

�

zip

2

:

W e con tin ue p oin t wise. W e can use function application notation instead of

h�i notation b ecause zip is deterministic; and since zip is only de�ned on

pairs of pairs, w e can write:

( � � zip

n

�

zip

2

) : (( a; as ) ; ( b; bs ))

= f application of zip

2

g

( � � zip

n

) : (( a; b ) ; ( as ; bs ))

= f de�nition of pro duct g

(( a; b ) ; zip

n

: ( as ; bs ))

= f de�nition of zip g

zip

n +1

: (( a; as ) ; ( b; bs )) :

This concludes the pro of of ( 4:10 ).

4.5 Bundles

Bundle can also b e generalised. De�ne, for n � 1,

a h B

n

i ( b

0

; b

1

; : : : ; b

n � 1

) � 8 ( t; k : 0 � k < n : a: ( t � n + k ) = b

k

:t )

and

B

n

= � ( X 7! B

n

[ X � X

�

zip

n

[

) :( 4:11 )

The last equation is a generalisation of ( 3:17 ), b ecause B

2

= B and zip

2

=

zip = zip

[

. The arit y of bundle is then:

B

n

2 1 � n:
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� � �

�

B

4

B

4

� B

4

�

zip

[

4

Figure 4:1 : An instance of ( 4:12 )

F rom ( 4:11 ) it is immediate to obtain

� � �

�

B

n

= B

n

� B

n

�

zip

n

[

= B

n

�

map

n

: ( � � � ) :( 4:12 )

that is a generalisation of ( 3:18 ). A more general result is

m

�

B

n

= B

n

�

map

m

:n = map

m

: B

n

�

trn

n;m

;( 4:13 )

where trn

n;m

is the comp onen t that transp oses n m -tuples in to m n -tuples:

(( a

1 ; 1

; : : : ; a

1 ;m

) ; : : : ; ( a

n; 1

; : : : ; a

n;m

)) h trn

n;m

i (( a

1 ; 1

; : : : ; a

n; 1

) ; : : : ; ( a

m; 1

; : : : ; a

m;n

)) :

In other w ords, trn is the transp ose op eration that tak es a n -tuple of m -

tuples, in terpreted as a n � m matrix, in to the transp osed m � n matrix. This

comp onen t ma y b e de�ned b y

trn

n;m

= fold

n

: zip

m

:

Some prop erties of trn are

trn

2 ;m

= zip

m
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Figure 4:2 : r ot

4

and

trn

n; 2

= zip

n

[

:

Another prop ert y of bundle is

_

R

�

B

n

= B

n

�

map

n

:

_

R :( 4:14 )

4.6 Rotations

A useful wiring relation is r ot , de�ned b y

r ot

n

= app end

n

�

�

4

� ;

where app end

n

transforms a pair of n -length tuples in a single 2 n -length

tuple:

( a; b ) h app end

1

i ( a; b )

( a; d ) h app end

n +1

i (( a; b ) ; c ) � d h app end

n

i ( b; c ) for n � 1

Informally , r ot \rotates" the wires one p osition to the left (y ou are supp osed

to think of input b eing on the righ t side):

( a

2

; a

3

; : : : ; a

n

; a

1

) h r ot i ( a

1

; a

2

; a

3

; : : : ; a

n

) :

The app end in the de�nition of r ot is needed to restore the prop er structure

of the wires; for instance,

( �

4

� ) : ( a; b; c; d ) = ( �

4

� ) : ( a; ( b; c; d )) = (( b; c; d ) ; a )
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and

app end : (( b; c; d ) ; a ) = ( b; ( c; d; a )) = ( b; c; d; a ) :

Clearly , r ot m ust satisfy

r ot

n

n

= n;

and

r ot

n

[

�

r ot

n

= n;

and

r ot

n

[

= r ot

n � 1

n

:

4.7 Cyclic m ultiplexers

W a yne Luk in tro duced in [35] the cmx

i;N

comp onen t (from \cyclic m ulti-

plexer"), de�ned b y

cmx

i;n

= B

n

�

r ot

[
i

�

� � map

n � 1

: �

�

r ot

i

�

B

n

[

(the de�nition presen ted here is more general; Luk's de�nition only considers

the case i = 0). The cyclic m ultiplexer can b e in terpreted as a device that

has t w o inputs (on the righ t) and one output (on the left). A t eac h time

t , if t mo d n = i then cmx

i;n

b eha v es lik e � ; otherwise, it b eha v es lik e

� . In other w ords, the left input \passes through" once ev ery n clo c k tic ks.

F ormally , cmx

i;n

satis�es

a h cmx

i;n

i ( b; c ) � 8 ( t : t mo d n = i : a:t = b:t )

^ 8 ( t : t mo d n 6= i : a:t = c:t ) :

( 4:15 )

A useful prop ert y of cmx

i;n

is

cmx

i;n

�

_

R

4

_

S = B

n

�

r ot

[
i

�

_

R � map

n � 1

:

_

S

�

r ot

i

�

B

n

[

:( 4:16 )

The pro of is easily obtained b y p oin t wise reasoning.

A cyclic m ultiplexer is easily implemen ted in practice using a coun ter and a

m ultiplexer; see for instance Katz [28].
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Chapter 5

The carr � e problem

In this c hapter w e sho w the deriv ation of an e�cien t circuit, from a sp eci�c-

ation whic h is implemen table, but ine�cien t in terms of area.

The carr � e problem is describ ed, and solv ed, in a short note b y Rem [45]. A

carr � e is a sequence suc h that the �rst half is equal to the second half. W e

w an t to deriv e a circuit that, giv en an input stream, 
ags whether the last

2 N sym b ols read w ere a carr � e, for �xed N .

Rem solv es the problem b y deriving an imp erativ e program, that can b e

in terpreted as a circuit, b y means of p oin t wise predicate calculus. Here w e

solv e the problem in a di�eren t w a y: w e will obtain a relation algebra term b y

mostly p oin t-free relation algebra calculations. This term can b e in terpreted

as a circuit as w ell. The circuit in terpretation of our result is similar to the

circuit presen ted b y Rem, and is just as e�cien t in terms of area. Ho w ev er,

our calculations are

W e w an t to construct a circuit C that, giv en an input sequence, outputs true

whenev er the last 2 N sym b ols read w ere a carr � e, and outputs false otherwise.

F ormally ,

a h C i b � 8 ( n :: a:n � b ( n � 2 N ; n � N ] = b ( n � N ; n ]) ;

where c ( l ; k ] denotes the sequence [ c: ( l + 1) ; c: ( l + 2) ; : : : ; c:k ]. A straigh tfor-

w ard w a y to translate the ab o v e p oin t wise sp eci�cation in to a p oin t-free one

is as follo ws (see picture 5:0 ):

fold :

_

^

�

map : _=

�

zip

�

( tri : �

�

fork

N

) � ( tri : �

�

fork

N

)

�

�

4

�

N

( 5:0 )

An informal op erational in terpretation of ( 5:0 ) is: reading from righ t to left,

�

4

�

N

creates t w o copies of the input stream, and dela ys one of them N

59
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^

^

^

=

=

=

=

fold :

_

^ map : _= zip tri : � � tri : � fork � fork �

4

�

4

Figure 5:0 : An instance of ( 5:0 )

times. By applying ( tri : �

�

fork

N

) to a stream c one obtains the N -tuple

( c; � :c; �

2

:c; : : : ; �

N � 1

:c ); hence the left domain of ( tri : �

�

fork

N

) � ( tri : �

�

fork

N

) \con tains" the t w o sequences to b e compared. Then comp osition

with map : _=

�

zip tests for equalit y corresp onding pairs of the t w o sequences.

Finally , fold :

_

^ tests whether all the equalit y tests w ere successful.

T erm ( 5:0 ) is implemen table; ho w ev er, it is w asteful in terms of area. Eac h

tri : � comp onen t con tains O ( N

2

) dela ys, and these dela ys are of the same

width as the width of the input stream. While the retiming la ws tells us that

�

�

_= and _=

�

� represen t the same relation, the circuit in terpretations of the

t w o terms are di�eren t: in the �rst circuit w e ha v e a b o olean dela y , while in

the second w e ha v e a dela y o v er a pair of sym b ols, and the represen tation of

eac h sym b ol presumably requires more than one bit. Hence the the informal

goal in the follo wing deriv ation is to transform the sym b ol-wide dela ys in to

b o olean dela ys. In the course of the calculation it will b ecome clear that w e

can also transform map : _= in to a single _=.

map : _=

�

zip

�

tri : � � tri : �

�

fork

4

( fork

�

�

N

)

= f zip ( 4:7 ) and dela y ( 3:2 ) g

map : _=

�

tri : �

�

zip

�

fork

4

( fork

�

�

N

)

= f retiming ( 3:13 ) g
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^

^

^

=

Figure 5:1 : An instance of the rhs of ( 5:1 )

tri : �

�

map : _=

�

zip

�

fork

4

( fork

�

�

N

)

= f dela y is deterministic, ( 4:3 ) g

tri : �

�

map : _=

�

zip

�

fork

4

( �

N

�

fork )

= f fusion ( 2:1 ); zip ( 4:8 ) g

tri : �

�

map : _=

�

map : ( � � �

N

)

�

zip

�

fork

4

fork

= f zip ( 4:9 ) g

tri : �

�

map : _=

�

map : ( � � �

N

)

�

map : ( �

4

� )

�

fork

= f map fusion ( 4:1 ); fusion ( 2:1 ) g

tri : �

�

map : _=

�

map : ( �

4

�

N

)

�

fork

= f � , �

N

and _= are deterministic, ( 4:3 ) g

tri : �

�

fork

�

_=

�

�

4

�

N

A la w that p ermits the simpli�cation of a fold comp osed with a triangle is

Horner's rule ( 4:5 ); the pro viso

_

^

�

� � � = �

�

_

^

holds b y the prop erties of dela y ( 3:13 ) and ( 3:2 ), hence Horner's rule is

applicable:

fold :

_

^

�

tri : � = fold : (

_

^

�

� � � ) :

Summing up, w e ha v e pro v ed

( 5:0 ) = fold : (

_

^

�

� � � )

�

fork

�

_=

�

�

4

�

N

;( 5:1 )

and this brings the n um b er of required memory elemen ts from O ( N

2

) to

O ( N ). Figure 5:0 sho ws a picture in terpretation of ( 5:1 ).
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No w, consider

a h fold :

_

^

�

tri : �

�

fork

N

i b:( 5:2 )

The ab o v e holds if and only if, for all t ,

a:t � b:t ^ b: ( t � 1) ^ : : : ^ b: ( t � N + 1);

in w ords, a:t is true whenev er the last consecutiv e N inputs w ere true. All

that matters then is the numb er of consecutiv e true inputs. This suggests

that w e ma y implemen t the ab o v e mac hinery with a coun ter. It is adv an t-

ageous to do so, b ecause a coun ter can b e realized using O (log N ) memory

elemen ts, a result that is b etter than what w e obtained with Horner's rule.

The left domain of tri : �

�

fork

N

is a tuple of b o olean stream, and what w e

are in terested in is the n um b er of consecutiv e true v alues from the left at an y

time t . Let's de�ne then cnt

n

for all n -tuples of b o oleans as

cnt

n

: ( x

0

; : : : ; x

n � 1

) = "

�

k :: 8 ( i : 0 � i < k : x

i

� true )

�

;

where l " m is the maxim um of l and m . F unction cnt

n

coun ts the n um b er of

consecutiv e true v alues from the left in an n -tuple. Clearly fold

N

:

_

^

�

_

cnt

N

[

�

_

cnt

N

= fold

N

:

_

^ , so w e can rewrite the circuit in ( 5:2 ) to

fold :

_

^

�

_

cnt

N

[

�

_

cnt

N

�

tri : �

�

fork

N

:( 5:3 )

No w, fold :

_

^

�

_

cnt

N

[

is just (

_

= N ). F or

_

cnt

N

�

tri : �

�

fork

N

w e reason:

b h

_

cnt

N

�

tri : �

�

fork

N

i a

� f de�nitions, lifting g

8

�

t :: b:t = "

�

k :: 8 ( i : 0 � i < k : ( �

i

:a ) :t � true )

��

� f calculus; l # m is the minim um of l and m g

8

�

t : a:t � false : b:t = 0

�

^ 8

�

t : a:t � true : b:t = ( b: ( t � 1) + 1) # N

�

� f de�ning l +

N

m = ( l + m ) # N g

b h ( K

0

5

((

_

+

N

1)

�

� ))

�

i a

The comp onen ts in the last circuit can b e implemen ted in O (log N ) area.

The reduction in area is due to the c hange in represen tation de�ned b y

_

cnt

N

:

while an N -tuple requires N wires, a n um b er b et w een 0 and N can b e rep-

resen ted with just d log N e binary digits.
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=

5

+

4

1

K

0

=4

Figure 5:2 : An instance of the rhs of ( 5:4 )

Summarizing, w e ha v e pro v ed that

( 5:0 ) = (

_

= N )

�

( K

0

5

((

_

+

N

1)

�

� ))

�

�

_=

�

�

4

�

N

:( 5:4 )

Figure 5:2 sho ws an instance of the �nal design.

5.0 Conclusions

W e ha v e sho wn ho w to use Rub y to solv e a simple circuit deriv ation prob-

lem. It is in teresting to compare our deriv ation with the one b y Rem [45].

While they are rather di�eren t, the results when in terpreted as circuits are

similar. Our calculations are sligh tly longer, but straigh tforw ard. The main

in v en tion is the in tro duction of

_

cnt

N

, whic h is suggested b y an analysis of

the op erational meaning of the circuit. The rest of the deriv ation is guided

b y the shap e of the form ulae.

The in tro duction of

_

cnt

N

allo ws us to break the deriv ation in t w o parts; this

is an adv an tage of the algebraic st yle of reasoning.

One other adv an tage of our deriv ation is that the circuit terms w e obtain are

m uc h smaller than Rem's corresp onding CSP-lik e programs. It app ears that

Rub y is able to represen t some circuits v ery compactly .

The carr � e deriv ation do es not need the full generalit y of relations; all rela-

tions w e use are deterministic, with the exception of

_

cnt

N

[

, since

_

cnt

N

is

deterministic, but not injectiv e. Should w e w an t to recast the whole calcu-

lation in functional terms, w e'd only ha v e to treat the pro of of fold

N

:

_

^

�

_

cnt

N

[

�

_

cnt

N

= fold

N

:

_

^ as \sp ecial". Since all the information 
o w in the

circuit is from righ t to left, it is straigh tforw ard to in terpret the circuit w e

obtain as a functional program. But restricting our calculations to functions

w ould lead to a dead end, since in most circuits information 
o ws in t w o
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directions, so they are not functional programs; this is demonstrated b y the

app earance of con tra-
o w in the regular language recognizers of c hapter 7.



Chapter 6

A round-robin sc heduler

6.0 In tro duction

Kropf [29] has collected together a n um b er of problems that can b e used as

b enc hmarks for hardw are veri�c ation , one of whic h is a bus arbiter. The

function of the bus arbiter is to assign the use of a shared resource on eac h

clo c k cycle to one out of N subsystems that ma y w an t to use it, and in suc h

a w a y that no subsystem is denied access forev er.

In this c hapter w e consider the problem of c onstructing , rather than v erifying,

a comp onen t of this arbiter.

6.1 The sp eci�cation

A bus arbiter is a device that should assign the use of a resource at eac h

clo c k cycle to at most one out of N subsystems that ma y w an t to use it,

and it should do it so that no subsystem is denied access forev er. More

sp eci�cally , a bus arbiter is a circuit that maps a stream of N tuples of

b o oleans, represen ting requests to use the resource, to a stream of N tuples

of b o oleans, represen ting ac kno wledgemen ts that the resource ma y b e used.

Note that w e are not in terested in dealing with metastabilit y problems. Meta-

stabilit y is an e�ect that ma y o ccur whenev er a signal is sampled async hron-

ously; what ma y happ en is that the signal 
oats in a state that cannot b e

in terpreted as a logical \true" or as a logical \false". It should b e clear that

this e�ect cannot b e mo delled within the framew ork of this thesis. What w e

call \wire" here is a mathematical abstraction of ph ysical wires.

65
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Let us call the input stream r e q and the output stream ack . It is easier to

think of B

N

as a subset of f 0, : : : ; N � 1 g , so w e write n 2 r e q :t to mean that

the n -th comp onen t of r e q is high at time t . The sp eci�cation of the arbiter,

as giv en b y Kropf [29], is then:

0. No t w o output wires are asserted sim ultaneously: for eac h instan t t ,

j ack :t j � 1 :

1. Ac kno wledge is not asserted without request:

ack :t � r e q :t :

2. Ev ery p ersisten t request is ev en tually ac kno wledged: there is no pair

( n; t ) suc h that

8 ( t

0

: t � t

0

: n 2 r e q :t

0

^ n 62 ack :t

0

) :

Kropf himself suggests an implemen tation. The arbiter should normally gran t

ac kno wledge to the request that is lo w est in index, unless there is some other

wire that has b een asserting its request for more than a set amoun t of time, in

whic h case the latter wire is gran ted instead. This is accomplished as follo ws:

at an y giv en momen t there is a privileged wire. F or simplicit y , w e ma y tak e

t mo d N to b e the privileged wire at an y time t: If wire n is privileged, and is

asserting a request, and it w as asserting its request the previous time it w as

privileged, then it is ac kno wledged. This w a y an y wire will b e ac kno wledged

in less than 2 N clo c k cycles. In the limit case where all requests are asserted

at all times, they will b e gran ted in round-robin fashion, i.e., eac h wire is

gran ted once ev ery N clo c k cycles.

One w a y to implemen t this arbiter is to construct t w o mo dules, called for

instance L T and RR , the �rst one gran ting request to the lo w est index asser-

ted in its input, and the second one implemen ting the round-robin algorithm.

The �rst mo dule is com binational, while the second one has state. Mo dule

L T simply returns the lo w est n um b ered signal that is asserted.

In the rest of this c hapter the fo cus is on the dev elopmen t of the round-robin

sc heduler, RR . Supp ose �

N

is a function that dela ys an input stream b y N

clo c k cycles. That is,

( �

N

:b ) :t = b: ( t � N ) :
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Then, viewing RR as a binary relation b et w een output ack and input r e q ,

its sp eci�cation is

ack h RR i r e q � 8 ( t : : ack :t = f t mo d N g \ r e q :t \ ( �

N

: r e q ) :t ) :

The ab o v e can b e in terpreted as follo ws: at eac h instan t t , the set of ac-

kno wledged wires ack :t is the in tersection of the set of requests at time t ,

that is r e q :t , of the set of requests at time t � N , that is ( �

N

: r e q ) :t , and of

the singleton set f t mo d N g , whic h is the singleton set of the privileged wire

n um b er at time t . The task is to construct a circuit that implemen ts RR as

sp eci�ed ab o v e.

6.2 Design Steps

Because the dev elopmen t of the round robin sc heduler is quite long w e b egin

�rst b y giving an o v erview. Some of the terms used in this o v erview ma y

not b e completely clear at this stage. They will ho w ev er b e explained in full

detail later.

The steps are as follo ws:

0. Lo w lev el sp eci�cation.

In the �rst step w e reform ulate the giv en sp eci�cation of RR using

tuples of b o oleans to represen t sets. The new sp eci�cation tak es the

form

RR = �lt

�

interse ct

�

�

4

�

N

:( 6:0 )

In this sp eci�cation the de�nition of RR has b een split in to three com-

p onen ts. Reading from righ t to left, the �rst comp onen t �

4

�

N

mak es

t w o copies of the input stream, one of whic h is dela y ed N time units

with resp ect to the other. The second comp onen t interse ct tak es t w o

streams b and c , eac h of whic h represen ts a stream of sets and computes

the represen tation of b

_

\ c (the stream whose t th elemen t is b:t \ c:t ).

In com bination with the �rst comp onen t, this comp onen t maps input

stream r e q to r e q

_

\ �

N

: r e q . Finally , the third comp onen t �lt imple-

men ts the function ( f t mo d N g\ ). In this w a y the output v alue at

time t is

ack :t = f t mo d N g \ ( r e q :t \ ( �

N

: r e q ) :t ) :
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where the brac k eting sho ws the order in whic h the individual terms are

computed.

1. Analysis of implemen tabilit y .

There are t w o adv an tages of a mo dular sp eci�cation. One is ease of

understanding, whic h is of considerable help to ensuring that the in-

formal requiremen ts are correctly recorded in the formal sp eci�cation.

The other is that it is m uc h easier to iden tify p oten tial ine�ciencies in

the implemen tation. In the second step w e analyse the three comp on-

en ts with resp ect to implemen tabilit y .

The �lt comp onen t can b e implemen ted in O ( n ) area using a cyclic

m ultiplexer.

The problem with the implemen tabilit y of RR as sp eci�ed b y ( 6:0 ) is

the comp onen t �

4

�

N

. The area required for its implemen tation is

O ( N

2

) since it consists of N dela ys eac h with arit y N . The conclusion

of this phase is th us that it is this comp onen t on whic h w e should fo cus

our atten tion.

2. Goal.

Ha ving analysed the source of ine�ciency in ( 6:0 ) w e can pro ceed to

form ulating the goal. Sp eci�cally , w e wish to construct memory devices

�

k ;N

suc h that

RR = �lt

�

interse ct

�

�

4

map : ( k : 0 � k < N : �

k ;N

)( 6:1 )

and suc h that eac h suc h comp onen t has at most one dela y elemen t. In

this w a y the O ( N

2

) area required b y the comp onen t

�

N

is replaced b y the O ( N ) area required b y the comp onen t

map : ( k : 0 � k < N : �

k ;N

) :

(The comp onen ts are called \
ip-
ops" b ecause this is a name that is

commonly giv en to memory elemen ts.)

3. Simpli�cation of the goal.
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The �rst step in the ac hiev emen t of the goal is to simplify it so that it

b ecomes more manageable. The requiremen t on �

k ;N

is that

�lt

�

interse ct

�

�

4

�

N

= �lt

�

interse ct

�

�

4

map : ( k : 0 � k < N : �

k ;N

)

Ho w ev er, w e sho w, in a series of steps, ho w to reduce it to

D

k ;N

�

�

N

= D

k ;N

�

�

k ;N

( 6:2 )

(for eac h k ) where

a h D

k ;N

i b � 8 ( t : t mo d N = k : a:t = b:t ) :

Note that ( 6:2 ) sp eci�es the b eha viour of the 
ip-
op �

k ;N

only at

times t suc h that t mo d N = k . A t other times its b eha viour is unsp e-

ci�ed. This increased latitude (compared to the de�nition of �

N

whose

b eha viour is sp eci�ed at all instan ts) is what is needed to construct an

e�cien t implemen tation of the circuit.

4. Construction of the 
ip-
ops.

The �nal step is the construction of the comp onen ts �

k ;N

. Again in a

series of steps, w e calculate that

�

k ;N

= ( �

�

cmx

k ;N

)

�

;( 6:3 )

where cmx

k ;N

is a cyclic m ultiplexer. Th us the implemen tation of the


ip-
op do es indeed require only one dela y elemen t. The com bination

of ( 6:1 ) and ( 6:3 ) is then the desired implemen tation of the round robin

sc heduler.

This then is the o v erview. Let us no w presen t the full details.

6.3 Lo w Lev el Sp eci�cation

6.3.0 Bit Represen tation

Let us recall the original sp eci�cation of the round robin sc heduler. F or input

stream b and output stream a ,

a h RR i b � 8 ( t :: a:t = f t mo d N g \ b:t \ ( �

N

:b ) :t ) :
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As is usual w e c ho ose to represen t a subset of a set of N elemen ts b y a

sequence of N bits. A stream of subsets of f 0 ; : : : ; N � 1 g is represen ted b y

a N -tuple of b o olean streams. Let a b e suc h a N -tuple. W e denote the k -th

stream in a b y a

k

; the set that a represen ts at time t is f k j 0 � k < N ^

a

k

:t = true g .

The in tersection op erator on sets is then translated in to the conjunction

op erator mapp ed o v er the N input wires. The implemen tation of the relation

R where

a h R i b � 8 ( t :: a:t = b:t \ ( �

N

:b ) :t )

is easily deriv ed. Sp eci�cally , w e ha v e:

8 ( t :: a:t = b:t \ ( �

N

:b ) :t )

� f represen tation of sets as sequence of N bits g

8 ( t; k : 0 � k < N : a

k

:t � b

k

:t ^ ( �

N

:b

k

) :t )

� f de�nition of map g

8 ( t :: a:t = ( map

N

: ^ ) : ( b:t ; ( �

N

:b ) :t ))

� f de�nition of zip g

8 ( t :: a:t = ( map

N

: ^ ) : (( zip

N

: ( b ; �

N

:b )) :t ))

� f lifting, de�nition of split and comp osition g

a = ( map

N

:

_

^

�

zip

N

�

�

4

�

N

) :b :

Whence

R = interse ct

�

�

4

�

N

where

interse ct = map

N

:

_

^

�

zip

N

:

See �gure 6:0 on the next page for a picture in terpretation of R . It follo ws

that

RR = �lt

�

interse ct

�

�

4

�

N

( 6:4 )

where the comp onen t �lt m ust satisfy the requiremen t:

a h �lt i b � 8 ( t :: a:t = f t mo d N g \ b:t ) :
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^

^

^

^

Figure 6:0 : An instance of R

6.3.1 Implemen ting The Filter Comp onen t

With the exception of �lt , it is clear that all comp onen ts in ( 6:4 ) can b e

implemen ted directly . In this section w e consider ho w �lt is implemen ted.

In terms of the bit represen tation �lt m ust satisfy:

a h �lt i b � 8 ( t; k : t mo d N = k : a

k

:t = b

k

:t )

^ 8 ( t; k : t mo d N 6= k : a

k

:t = false )

( 6:5 )

In soft w are, �lt w ould b e implemen ted with a straigh tforw ard if-then-else

statemen t. In Rub y the full generalit y of an if-then-else statemen t is t ypically

sh unned, since it enjo ys few useful algebraic prop erties (see Jones [24]). In

this case, ho w ev er, the full generalit y is not needed and the comp onen t can

b e implemen ted using a cyclic m ultiplexer cmx

k ;N

.

Comparing the de�nition of �lt with that of cmx

k ;N

it is clear that �lt can

b e implemen ted b y pairing eac h of the N bits of the input stream with a

stream of false bits and passing eac h pair of bits to the corresp onding cyclic

m ultiplexer. That is,

�lt = map : ( k : 0 � k < N : cmx

k ;N

�

�

4

K

F

) :( 6:6 )

where K

F

is a circuit that ignores its input and constan tly outputs the v alue

F (false).
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This concludes this section. The com bination of ( 6:4 ) and ( 6:6 ) is a correct

implemen tation of the round-robin sc heduler:

RR = map : ( k : 0 � k < N : cmx

k ;N

�

�

4

K

F

)

�

map

N

:

_

^

�

zip

N

�

�

4

�

N

:

6.4 E�ciency Analysis and the Goal

One adv an tage of a mo dular sp eci�cation lik e ( 6:4 ) is that it simpli�es the

task of iden tifying p oten tial ine�ciencies. W e need only examine eac h com-

p onen t in turn.

Assuming that a cyclic m ultiplexer has an e�cien t implemen tation, it is clear

that the t w o comp onen ts �lt and interse ct ha v e e�cien t implemen tations.

The b ottlenec k in the implemen tation is in fact the comp onen t �

N

. Note

that the input arit y of this comp onen t is N since the input stream is in fact

a stream of N bits. The total area required for its implemen tation is th us

O ( N

2

). On the other hand, it seems plausible that an O ( N ) implemen tation

can b e found for RR (although not the comp onen t �

N

) since at an y stage

only N bits need to b e recorded. Sp eci�cally , at an y time t it su�ces to record

the v alue of the k th input bit only at the last time that it w as privileged.

W e can express our in tuition ab out the memory comp onen t that is required

as follo ws. F or eac h input bit k w e replace the �

N

comp onen t b y a memory

elemen t �

k ;N

, \� " standing for \
ip-
op" (this b eing the name often giv en

b y circuit designers to memory elemen ts). That is, w e wish to design �

k ;N

suc h that

�lt

�

interse ct

�

�

4

�

N

= �lt

�

interse ct

�

�

4

map : ( k : 0 � k < N : �

k ;N

) :

Moreo v er, the implemen tation of the 
ip-
ops should in v olv e at most one

dela y elemen t.

6.5 Simplifying the Goal

In the follo wing discussion it will b e useful to in tro duce the name sp e cRR for

the term

�lt

�

interse ct

�

�

4

�

N
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and impRR for the term

�lt

�

interse ct

�

�

4

map : ( k : 0 � k < N : �

k ;N

) :

The goal is to deriv e �

k ;N

suc h that sp e cRR = impRR . In this section w e

simplify the goal b y splitting it up in to separate requiremen ts for the indi-

vidual 
ip-
ops and b y eliminating the \ map :

_

^ " term in the de�nition of

interse ct . W e b egin b y splitting the goal up.

Observ e �rst that zip

�

�

4

�

N

and zip

�

�

4

map : ( k : 0 � k < N : �

k ;N

) can

b e written as maps. Sp eci�cally ,

zip

N

�

�

4

�

N

= f arit y of zip g

zip

N

�

N � N

�

�

4

�

N

= f fusion, p olymorphism of � : ( 3:2 ) g

zip

N

�

map

N

:�

4

map

N

: �

N

= f ( 4:8 ) g

map

N

: ( �

4

�

N

) :

Similarly ,

zip

�

�

4

map : ( k : 0 � k < N : �

k ;N

)

= map : ( k : 0 � i < N : �

4

�

k ;N

) :

Substituting these terms bac k in to the de�nitions of sp e cRR and impRR , w e

conclude that �

k ;N

m ust satisfy

map : ( k :: cmx

k ;N

�

�

4

K

F

)

�

map :

_

^

�

map : ( �

4

�

N

)

= map : ( k :: cmx

k ;N

�

�

4

K

F

)

�

map :

_

^

�

map : ( k :: �

4

�

k ;N

) :

( 6:7 )

Th us, b y map fusion and in tro ducing the abbreviation '

k ;N

where, b y de�-

nition,

'

k ;N

= cmx

k ;N

�

�

4

K

F

;( 6:8 )

w e ha v e obtained individual requiremen ts on eac h 
ip-
op. Sp eci�cally , w e

require that

8 ( k : 0 � k < N : '

k ;N

�

_

^

�

�

4

�

N

= '

k ;N

�

_

^

�

�

4

�

k ;N

) :( 6:9 )

In order to remo v e the spurious conjunction w e observ e that '

k ;N

satis�es
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a h '

k ;N

i b � 8 ( t : t mo d N = k : a:t = b:t )

^ 8 ( t : t mo d N 6= k : a:t = F ) :

F rom this de�nition, using the fact that F ^ F = F , it is easy to see that

'

k ;N

�

_

^ =

_

^

�

'

k ;N

� '

k ;N

:( 6:10 )

(W e lea v e the pro of to the reader.) Hence w e ma y rewrite ( 6:9 ): for all k ,

0 � k < N :

'

k ;N

�

_

^

�

�

4

�

N

= '

k ;N

�

_

^

�

�

4

�

k ;N

� f ab o v e prop ert y of '

k ;N

g

_

^

�

'

k ;N

� '

k ;N

�

�

4

�

N

=

_

^

�

'

k ;N

� '

k ;N

�

�

4

�

k ;N

� f fusion g

_

^

�

'

k ;N

4

( '

k ;N

�

�

N

) =

_

^

�

'

k ;N

4

( '

k ;N

�

�

k ;N

)

( f Leibniz g

'

k ;N

�

�

N

= '

k ;N

�

�

k ;N

:

So w e ha v e reduced the sp eci�cation of �

k ;N

from ( 6:7 ) to

'

k ;N

�

�

N

= '

k ;N

�

�

k ;N

:( 6:11 )

One further simpli�cation is p ossible. Recalling the de�nition of '

k ;N

(equa-

tion ( 6:8 )):

'

k ;N

= cmx

k ;N

�

�

4

K

F

and the de�nition of cmx

k ;N

a h cmx

k ;N

i ( b; c ) � 8 ( t : t mo d N = k : a:t = b:t )

^ 8 ( t : t mo d N 6= k : a:t = c:t )

it is clear that cmx

k ;N

ignores the �rst comp onen t of its input stream when-

ev er t mo d N 6= k . As a consequence, '

k ;N

ignores its input stream en tirely

whenev er t mo d N 6= k . W e can express this formally b y in tro ducing the

relation D

k ;N

de�ned b y

a h D

k ;N

i b � 8 ( t : t mo d N = k : a:t = b:t ) :
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Tw o input streams are related b y D

k ;N

whenev er they are equal for all times

t suc h that t mo d N = k ; at all other times no relation b et w een the t w o

streams is required. Th us the fact that cmx

k ;N

ignores the �rst input stream

whenev er t mo d N 6= k is expressed b y the equation:

cmx

k ;N

�

D

k ;N

� � = cmx

k ;N

;

and the fact that '

k ;N

ignores its input stream en tirely whenev er t mo d N 6=

k is expressed b y the equation:

'

k ;N

�

D

k ;N

= '

k ;N

:

The v eri�cation of the former equation follo ws b y straigh tforw ard p oin t wise

reasoning. The deriv ation of the latter equation pro ceeds as follo ws:

'

k ;N

= f de�nition of '

k ;N

g

cmx

k ;N

�

�

4

K

F

= f ab o v e g

cmx

k ;N

�

D

k ;N

� �

�

�

4

K

F

= f fusion g

cmx

k ;N

�

D

k ;N

4

K

F

= f K

F

= K

F

�

D

k ;N

g

cmx

k ;N

�

D

k ;N

4

( K

F

�

D

k ;N

)

= f ( 2:0 ), K

F

is a left condition g

cmx

k ;N

�

�

4

K

F

�

D

k ;N

= f de�nition of '

k ;N

g

'

k ;N

�

D

k ;N

:

Substituting this equation in ( 6:11 ) w e obtain the �nal simpli�cation to the

requiremen t on the 
ip-
ops.

'

k ;N

�

�

N

= '

k ;N

�

�

k ;N

� f ab o v e g

'

k ;N

�

D

k ;N

�

�

N

= '

k ;N

�

D

k ;N

�

�

k ;N

( f Leibniz g

D

k ;N

�

�

N

= D

k ;N

�

�

k ;N

:

In summary , the requiremen t on �

k ;N

is:

D

k ;N

�

�

N

= D

k ;N

�

�

k ;N

:( 6:12 )
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6.6 Construction of the 
ip-
ops

F rom the de�nition of D

k ;N

it is clear that ( 6:12 ) sp eci�es the b eha viour of

�

k ;N

only at times t suc h that t mo d N = k ; at all other times there is

complete latitude in its b eha viour. It is this latitude that w e no w exploit.

The comp onen t �

N

can b e seen as a memory elemen t that stores N input

v alues. This is b ecause its implemen tation demands that the input v alue at

eac h time t is recorded for use at time t + N after whic h it can b e discarded.

F rom ( 6:12 ) it is clear, ho w ev er, that it su�ces to record the input v alue only

at times t suc h that t mo d N = k , that is once ev ery N clo c k b eats. The

crucial step in the calculation of �

k ;N

b elo w is th us to replace the function

mapping t to t � N b y a function that is constan t for N time in terv als. A

w ell kno wn example of suc h a function is the function mapping t to t div N .

But this function do es not su�ce b ecause of the additional requiremen t that

the function's v alue should equal t � N when t mo d N = k . Noting that

( t div N ) � N = t � t mo d N

is the clue to disco v ering the appropriate function.

Since it o ccurs t wice in the follo wing calculation it is useful to b egin b y

observing that, in general, for arbitrary function f

a h D

k ;N

�

f i b � 8 ( t : t mo d N = k : a:t = ( f :b ) :t ) :

This is b ecause

a h D

k ;N

�

f i b

� f comp osition and one p oin t rule g

a h D

k ;N

i f :b

� f de�nition of D

k ;N

g

8 ( t : t mo d N = k : a:t = ( f :b ) :t ) :

No w,

a h D

k ;N

�

�

N

i b

� f ab o v e, de�nition of �

N

g

8 ( t : t mo d N = k : a:t = b: ( t � N ))

� f This is the crucial step discussed ab o v e.
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W e replace \ t � N " using the prop ert y of

mo dular arithmetic:

t mo d N = k ) N � 1 = ( t � k � 1) mo d N g

8 ( t : t mo d N = k : a:t = b: ( t � 1 � ( t � k � 1) mo d N ))

� f De�ne �

k ;N

b y

( �

k ;N

:b ) :t = b: ( t � 1 � ( t � k � 1) mo d N ) g

8 ( t : t mo d N = k : a:t = ( �

k ;N

:b ) :t )

� f ab o v e g

a h D

k ;N

�

�

k ;N

i b :

W e ha v e th us calculated a functional sp eci�cation of �

k ;N

:

( �

k ;N

:b ) :t = b: ( t � 1 � ( t � k � 1) mo d N ) :

The construction of an implemen tation for �

k ;N

amoun ts to v erifying that

the function mapping t to t � 1 � ( t � 1 � k ) mo d N is indeed constan t o v er

N time in terv als. T o b e precise, w e explore when ( �

k ;N

:b ) : ( t + 1) equals

( �

k ;N

:b ) :t :

( �

k ;N

:b ) : ( t + 1)

= f de�nition g

b: ( t � ( t � k ) mo d N )

= f � Supp ose ( t � k ) mo d N 6= 0 : Then

( t � k ) mo d N = ( t � k � 1) mo d N + 1 g

b: ( t � (( t � k � 1) mo d N + 1))

= f arithmetic g

b: ( t � 1 � ( t � k � 1) mo d N )

= f de�nition g

( �

k ;N

:b ) :t :

Th us if ( t � k ) mo d N 6= 0, ( �

k ;N

:b ) : ( t + 1) = ( �

k ;N

:b ) :t . Also, if ( t �

k ) mo d N = 0, it is ob vious that ( �

k ;N

:b ) : ( t + 1) = b:t . So �

k ;N

:b is

de�ned b y the follo wing equations:

( �

k ;N

:b ) : ( t + 1) = ( �

k ;N

:b ) :t if ( t � k ) mo d N 6= 0

( �

k ;N

:b ) : ( t + 1) = b:t if ( t � k ) mo d N = 0 :
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W e recognize in these equations a com bination of the cyclic m ultiplexer and

a feedbac k. Indeed,

�

k ;N

:b � m: ( b ; �

k ;N

:b )

where

( m: ( b;c )) : ( t + 1) = c:t if ( t � k ) mo d N 6= 0

( m: ( b;c )) : ( t + 1) = b:t if ( t � k ) mo d N = 0 :

By ( 3:7 ) this equiv ales �

k ;N

= m

�

where, as is ob vious from the de�nitions

of the circuit m ultiplexer and dela y , m = �

�

cmx

k ;N

. Th us,

�

k ;N

= ( �

�

cmx

k ;N

)

�

:( 6:13 )

In summary , the implemen tation of RR w e ha v e come to is

RR = �lt

�

map :

_

^

�

zip

�

�

4

map : ( k : 0 � k < N : �

k ;N

) ;

or equiv alen tly , exploiting ( 4:8 )

RR = �lt

�

map :

_

^

�

map : ( k : 0 � k < N : �

4

�

k ;N

) ;( 6:14 )

where �

k ;N

is de�ned b y ( 6:13 ) and �lt is de�ned b y ( 6:6 ). A picture of

( 6:14 ) is in �gure 6:1 on the facing page.

6.7 Conclusions

In this c hapter w e ha v e sho wn ho w to transform a sp eci�cation of a circuit

in to an implemen tation that is e�cien t in terms of area. The problem is

complicated b y the presence of cyclic m ultiplexers. One reason wh y this de-

v elopmen t is in teresting is that it sho ws ho w a relativ ely simple optimization

can b e deriv ed, rather than v eri�ed.
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cmx

2 ; 3

^

K

F

cmx

2 ; 3

cmx

1 ; 3

^

K

F

cmx

1 ; 3

cmx

0 ; 3

^

K

F

cmx

0 ; 3

Figure 6:1 : An instance of ( 6:14 )
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Chapter 7

Regular language recognizers

In 1982, F oster and Kung presen ted a sp ecialised silicon compiler that con-

structs recognizers for regular languages [18]. By \silicon compiler" a pro-

gram is mean t, that pro duces a circuit's description from a sp eci�cation of

the circuit's b eha viour. The compiler w as presen ted without formal justi�c-

ation; indeed, they did not presen t a formal sp eci�cation of the functionalit y

of the compiler. Their informal description of the functioning left m uc h ro om

for alternativ e in terpretations.

Subsequen tly , Bac khouse [3] v eri�ed the correctness of F oster and Kung's

compiler. His task amoun ted primarily to rev erse engineering | trying to

disco v er the sp eci�cation satis�ed b y the compiler. This resulted in the dis-

co v ery of an error in F oster and Kung's construction | ac kno wledged b y

F oster in his Ph.D. thesis [17]. Otherwise the formal calculations in Bac k-

house's rep ort w ere disapp oin tingly complicated and not judged b y its author

to b e w orth y of widespread publication.

Here w e presen t a formal derivation of F oster and Kung's compiler. The

complexities of the earlier veri�c ation ha v e b een o v ercome in t w o w a ys: b y

exploiting (p oin t-free) relation algebra rather than elemen tary predicate cal-

culus, and b y a judicious decomp osition of the design task.

Our design consists of �rst deriving a non-systolic implemen tation, that is

essen tially a functional program, follo w ed b y a transformation of this design

in to t w o di�eren t systolic v ersions, using standard tec hniques of \slo wdo wn",

\retiming" and \pip elining" [25].

A formal deriv ation of a similar compiler has also b een giv en b y Kaldew aij

and Zw aan [27], but their implemen tation is not systolic, in the sense that

the minim um clo c k p erio d that can b e assigned to their circuits is a function

of the length of the regular expression to b e matc hed. In con trast, w e presen t

81



82 Chapter 7. Regular language recognizers

a class of recognizers that can b e assigned a clo c k p erio d that is indep enden t

of the n um b er of sequence op erators in the regular expression, although it

do es dep end on the n um b er of star and c hoice op erators; and a second class

of recognizers that can b e assigned a clo c k p erio d indep enden t of the n um b er

of c hoice op erators, although it dep ends on the n um b er of sequence and stars

op erators.

This c hapter is organized as follo ws: w e �rst presen t the sp eci�cation of the

problem; then a non-systolic implemen tation is deriv ed, in a st yle similar to

functional program deriv ation. Then w e presen t t w o di�eren t w a ys to trans-

form the non-systolic design in to systolic ones, eac h of whic h has di�eren t

prop erties.

7.0 The sp eci�cation

The problem w e w an t to consider is that of form ulating a syn tax-directed

construction of a systolic circuit that (rep eatedly) recognizes strings in the

language denoted b y a regular expression. The syn tax of a regular expression

is giv en b y the BNF grammar

E ::= t j E + E j E ; E j E

�

;

where t stands for all elemen ts of a giv en �nite alphab et T . The language

asso ciated with a regular expressions is de�ned as usual:

L :t = f t g for all t 2 T

L : ( E + F ) = L :E [ L :F

L : ( E ; F ) = f w � z j w 2 L :E ; z 2 L :F g

L : ( E

�

) = � ( X 7! " [ f w � z j w 2 X ; z 2 L :E g ) :

In what follo ws w e will iden tify the language asso ciated with a regular ex-

pression with the regular expression itself; i.e., w e will write E in place of

L :E . The con text should mak e clear whic h one is mean t.

T o b egin with, w e will de�ne a mapping from E to the set of circuits. Th us,

giv en a regular expression E , the recognizer for E maps a pair consisting of

a stream of c haracters (elemen ts of T ) and a stream of b o oleans in to another

stream of b o oleans. The b o olean input is a so-called \enable" signal. A v alue

of true for the enable input indicates the start of a new input sequence of
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c haracters. F or instance, if the expression to b e recognized is t ; t , and the

set of sym b ols is T = f t; u g , w e exp ect the follo wing b eha viour:

output c haracter ( a ) enable bit ( e )

0 t 0

0 t 1

0 t 0

1 t 0

0 t 1

0 u 0

0 t 0

(W e shall use 1 and 0 as shorthands for true and false ). As w e shall see, a

v alue of true for the enable input do es not terminate an y foregoing sequence

of c haracters. The follo wing is another example of required b eha viour:

output c haracter ( a ) enable bit ( e )

0 t 0

0 t 1

0 t 1

1 t 0

1 t 0

0 t 0

Usually w e use a to range o v er a stream of input c haracters and e (for e nable

bit) to range o v er a stream of input b o oleans.

In order to a v oid the error in [18] w e shall restrict the regular expressions to

those expressions not including a sub expression E

�

suc h that the empt y w ord

is a mem b er of E . It is w ell kno wn that this do es not reduce the expressiv e

p o w er of regular expressions and that ev ery regular expression can b e easily

transformed to one of this form.

W e denote the isomorphism b et w een strings of b o oleans and left conditions

b y tt (standing for \times true") and de�ne it b y , for all in tegers m and n

and all streams of b o oleans e ,

m h tt :e i n � e:m:

F or instance, if the stream e is de�ned for all n b y e:n � n > 0 ^ ( n is

o dd), then tt :e = f 1 ; 3 ; 5 ; : : : g . W e also in tro duce a relation, mem : ( E ; a ), on

in tegers for eac h expression E and eac h stream of letters a , de�ned b y

m h mem : ( E ; a ) i n � a [ n; m ) 2 E ;
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where a [ n; m ) denotes the string a:n ; a: ( n + 1) ; : : : ; a: ( m � 1). Note

the switc h in the order of m and n . Returning to the example where

E = t ; t , w e ha v e that if the stream a is de�ned b y a:n = t for all n , then

m h mem: ( t ; t; a ) i n � m = n + 2. Another w a y to lo ok at mem is as a set

transformer. If w e comp ose mem : ( E ; a ) after a left condition, w e obtain

another left condition:

mem : ( E ; a )

�

( R

�

> > ) = ( mem : ( E ; a )

�

R )

�

> > :

So if R

�

> > can b e in terpreted as the set f 0 ; 1 ; 5 g , then, giv en a de�ned as

ab o v e, mem : ( t ; t; a )

�

R

�

> > could b e in terpreted as f 2 ; 3 ; 7 g .

The follo wing prop erties of mem are easily v eri�ed (see section (7.0.0)):

m h mem : ( t; a ) i n � m = n + 1 ^ a:n = t for all t 2 T

mem : ( E + F ; a ) = mem : ( E ; a ) [ mem : ( F ; a )

mem : ( E ; F ; a ) = mem : ( F ; a )

�

mem : ( E ; a )

mem : ( E

�

; a ) = ( mem : ( E ; a ))

�

:

( 7:0 )

These prop erties pro vide ample justi�cation for c ho osing to use relation alge-

bra in the formal sp eci�cation of the recognizer: the function E 7! mem : ( E ; a )

is a homomorphism from the algebra of expressions to the algebra of relations.

W e are no w ready to giv e the sp eci�cation. W e sa y that a circuit f r e c o gnizes

regular expression E when the follo wing holds, for all a 2 Str e am ( T ) and

e 2 Str e am ( B ):

tt :f : ( a; e ) = mem : ( E ; a )

�

tt :e:

A w a y to read this is: the set of times at whic h e is true , that is tt :e , is

transformed b y mem in to a set that m ust b e exactly the same as the set of

times at whic h f : ( a; e ) is true.

7.0.0 Pro of of the prop erties of mem

W e pro v e the la ws claimed in section 7.0 ab out mem , equations ( 7:0 ). Note

that w e will write e.g., E + F to mean b oth the regular expression, and the

language it denotes. The con text should mak e clear whic h one w e in tend.

In the remainder of this section, w e let a stand for an y stream of c haracters

from T . Letting t 2 T , w e ha v e
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m h mem : ( t; a ) i n

� f de�nition g

a [ n; m ) 2 t

� f here t denotes the language f t g g

a:n = t ^ m = n + 1

So m uc h for the base case. No w, for the \c hoice" op erator w e ha v e:

m h mem : ( E + F ; a ) i n

� f de�nition of mem g

a [ n; m ) 2 E + F

� f regular expressions g

a [ n; m ) 2 E _ a [ n; m ) 2 F

� f de�nition of mem , t wice g

m h mem : ( E ; a ) i n _ m h mem : ( F ; a ) i n

� f union of relations g

m h mem : ( E ; a ) [ mem : ( F ; a ) i n

Similarly , for comp osition:

m h mem : ( E ; F ; a ) i n

� f de�nition of mem g

a [ n; m ) 2 E ; F

� f regular expressions g

9 ( k :: a [ n; k ) 2 E ^ a [ k ; m ) 2 F )

� f de�nition of mem , t wice g

9 ( k :: k h mem : ( E ; a ) i n ^ m h mem : ( F ; a ) i k )

� f comp osition of relations g

m h mem : ( F ; a )

�

mem : ( E ; a ) i n

Finally , for \star" w e ha v e:

mem : ( E

�

; a ) = mem : ( E ; a )

�

� f de�nitions of \star" on languages and relations g

mem : ( � ( X 7! " + X ; E ) ; a ) = � ( X 7! I [ X

�

mem : ( E ; a ))

( f E 7! mem : ( E ; a ) is univ ersally [ -distributiv e
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so w e ma y use � -fusion [39] g

8 ( X :: mem : ( " + X ; E ; a ) = I [ mem : ( X ; a )

�

mem : ( E ; a ))

� f ab o v e g

true

This concludes the pro of of the prop erties of mem .

7.1 A non-systolic recognizer

Once the sp eci�cation is made clear, deriving a (non-systolic) recognizer is

easy . W e b egin b y deriving the recognizer for a single c haracter. W e start

with a lemma:

m 2 mem : ( t; a )

�

tt :e

� f comp osition g

9 ( n :: m h mem : ( t; a ) i n ^ n 2 tt :e )

� f mem g

9 ( n :: n = m � 1 ^ a:n = t ^ n 2 tt :e )

� f one-p oin t rule g

a: ( m � 1) = t ^ m � 1 2 tt :e

� f lifting, tt g

((

_

= t ) :a ) : ( m � 1) ^ e: ( m � 1)

� f lifting g

( e

_

^ (

_

= t ) :a ) : ( m � 1)

� f dela y g

( � : ( e

_

^ (

_

= t ) :a )) :m

� f tt g

m 2 tt : ( � : ( e

_

^ (

_

= t ) :a )) :

F rom this w e obtain:

f recognizes letter t

� f de�nition g

8 ( a; e :: tt :f : ( a; e ) = mem : ( t; a )

�

tt :e )

� f sets g
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8 ( m; a; e :: m 2 tt :f : ( a; e ) � m 2 mem : ( t; a )

�

tt :e )

� f ab o v e g

8 ( m; a; e :: m 2 tt :f : ( a; e ) � m 2 tt : ( � : ( e

_

^ (

_

= t ) :a )))

� f calculus g

f = �

�

_

^

�

(

_

= t ) � �:

A picture of the recognizer for t is b elo w:

^

= t

The c haracter recognizer is clearly implemen table, since the direction of the

dela y is compatible with the direction of information through the \and"

comp onen t.

Next w e consider that the expression has the form E + F for some expressions

E and F . Supp ose that f , g recognize E , F resp ectiv ely . Then,

h recognizes E + F

� f de�nition g

8 ( a; e :: tt :h: ( a; e ) = mem : ( E + F ; a )

�

tt :e )

� f mem , distributivit y g

8 ( a; e :: tt :h: ( a; e ) = mem : ( E ; a )

�

tt :e [ mem : ( F ; a )

�

tt :e )

� f h yp othesis g

8 ( a; e :: tt :h: ( a; e ) = tt :f : ( a; e ) [ tt :g : ( a; e ))

� f tt and [ ; tt is an isomorphism g

8 ( a; e :: h: ( a; e ) = f : ( a; e )

_

_ g : ( a; e ))

� f calculus g

h =

_

_

�

f

4

g :

The next case is an expression of the form E ; F for some expressions E and

F . Supp ose again that f , g recognize E , F resp ectiv ely . Then,

h recognizes E ; F

� f de�nition g

8 ( a; e :: tt :h: ( a; e ) = mem : ( E ; F ; a )

�

tt :e )

� f mem g

8 ( a; e :: tt :h: ( a; e ) = mem : ( F ; a )

�

mem : ( E ; a )

�

tt :e )
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� f h yp othesis g

8 ( a; e :: tt :h: ( a; e ) = mem : ( F ; a )

�

tt :f : ( a; e ))

� f h yp othesis g

8 ( a; e :: tt :h: ( a; e ) = tt :g : ( a; f : ( a; e )))

� f tt is an isomorphism; calculus g

h = g

�

�

4

f :

The �nal, and most in teresting case, is when the giv en expression has the

form E

�

for some E . A circuit con taining feedbac k is clearly needed. This is

the case where F oster and Kung's original design con tained an error.

The problem o ccurs b ecause the de�ning equation of R

�

, for an y giv en

relation R , do es not necessarily ha v e a unique solution. It do es ha v e a

unique solution if R is w ell-founded. An ticipating the forthcoming calcu-

lation somewhat, w e determine a condition for the relation mem : ( E ; a ) to b e

w ell-founded. F or all E and a , w e ha v e:

X = mem : ( E ; a )

�

X

) f Leibniz g

X

�

> > = mem : ( E ; a )

�

X

�

> >

� f p oin t wise in terpretation; de�ne S = X

�

> > ,

a left condition whic h w e regard as a set g

8 ( m :: m 2 S � 9 ( n :: m h mem : ( E ; a ) i n ^ n 2 S ))

� f � assume mem : ( E ; a )

>

� N g

8 ( m :: m 2 S � 9 ( n : n 2 N : m h mem : ( E ; a ) i n ^ n 2 S ))

� f de�nition of mem g

8 ( m :: m 2 S � 9 ( n : n 2 N : a [ n; m ) 2 E ^ n 2 S ))

) f � assume " =2 E g

8 ( m :: m 2 S � 9 ( n : n 2 N : n < m ^ n 2 S ))

) f predicate calculus g

8 ( m : m 2 N : m 2 S � 9 ( n : n 2 N : n < m ^ n 2 S ))

^ S � N

� f the natural n um b ers are w ell-founded g

S = ? ?

� f calculus, S = X

�

> > g

X = ? ? :
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W e ha v e th us found that the assumptions " =2 E and mem : ( E ; a )

>

� N to-

gether imply that mem : ( E ; a ) is w ell-founded. The second of these assump-

tions is equiv alen t to p ostulating that the stream a is suc h that if a segmen t

of a is a w ord in E , then this segmen t is wholly con tained in the non-negativ e

\half ". Actually , it simpli�es matters if w e mak e an ev en stronger p ostulate,

namely that for all n < 0, the v alue of a:n is some c haracter not app ear-

ing in E : This corresp onds to asserting that the circuit is fed in v alid input

un til time 0. One ma y think of time 0 as the momen t after the circuit is

reset. Giv en this assumption, w e ma y henceforth just sa y that mem : ( E ; a )

is w ell-founded if " =2 E .

W e are no w ready to tac kle the deriv ation of the circuit that recognizes E

�

.

Assume f recognizes E . Assume also that " =2 E . Then

g recognizes E

�

� f de�nition g

8 ( a; e; b :: b h g i ( a; e ) � tt :b = mem : ( E

�

; a )

�

tt :e ) :

No w,

tt :b = mem : ( E

�

; a )

�

tt :e

� f mem ( 7:0 ) g

tt :b = ( mem : ( E ; a ))

�

�

tt :e

� f " =2 E , so mem : ( E ; a ) is w ell-founded.

Unique extension prop ert y ( 2:2 ). g

tt :b = tt :e [ mem : ( E ; a )

�

tt :b

� f f recognizes E g

tt :b = tt :e [ tt :f : ( a; b )

� f tt g

tt :b = tt : ( e

_

_ f : ( a; b ))

� f tt is an isomorphism g

b = e

_

_ f : ( a; b )

� f calculus; de�ne r e or g : (( x; y ) ; z ) = ( y ; ( x; z )) g

b = (

_

_

�

� � f

�

r e or g ) : (( a; e ) ; b ) :

Th us

g recognizes E

�
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� f ab o v e g

8 ( a; e; b :: b h g i ( a; e ) � b = (

_

_

�

� � f

�

r e or g ) : (( a; e ) ; b ))

� f feedbac k g

g = (

_

_

�

� � f

�

r e or g )

�

:

Summarising the results so far, w e ha v e deriv ed a syn tax directed translation

from E to F , whic h w e ma y call � , de�ned as follo ws:

� :t = �

�

_

^

�

(

_

= t ) � � for all t 2 T

� : ( E + F ) =

_

_

�

� :E

4

� :F

� : ( E ; F ) = � :F

�

�

4

� :E

� :E

�

= (

_

_

�

� � � :E

�

r e or g )

�

( 7:1 )

and suc h that, for all regular expressions E , � :E recognizes E .

7.2 Making the design systolic

The circuits w e ha v e deriv ed so far are not systolic; for instance, if one w ere

to build a recognizer for the string \ t ; u ; v ", with t , u and v all elemen ts of

T , the resulting circuit w ould b e

( �

�

_

^

�

_

(= v ) � � )

�

�

4

( �

�

_

^

�

_

(= u ) � � )

�

�

4

( �

�

_

^

�

(

_

= t ) � � ) :

It is apparen t from the picture in terpretation of the ab o v e circuit

^

= v

^

= u

^

= t

that there is a com binational path from one side to the other of the circuit.

Ev en w orse is the fact that for ev ery string recognizer, this path gro ws in

length with the length of the string.

Our strategy for making the design systolic is in three steps. First w e re-

arrange the wires, in order to in tro duce con tra-
o w in the circuits (see sec-

tion 3). Then w e mak e the design mo dular, b y designing a separate cell for

eac h op erator (except for sequence, whic h w e regard as the \basic" op er-

ator). Finally w e apply retiming and slo wdo wn, in order to mak e the design

as systolic as p ossible.
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R

R

R

term b end :R str : R str : b end :R

Figure 7:0 : Picture in terpretations

As w e sa w in the example at the end of section 3, a standard w a y to mak e a

circuit systolic is to apply slo wdo wn and retiming. Ho w ev er, the transforma-

tion sho wn in that example only w orks when the circuit has con tra-
o w; that

is, when there are t w o parallel wires where data tra v el in opp osite directions.

Giv en a circuit R , a simple w a y to in tro duce con tra-
o w in it is to implemen t

b end :R instead of R , de�ned b y

b end :R = � � R

�

term :

It is easy to calculate that, for all a , b and c ,

( a; b ) h b end :R i c � b h R i a

(Note the in v ersion of a and b , and that c do es not app ear on the righ t side.)

W e ma y de�ne a transformation str (from \straigh ten") b y

b h str :R i a � 9 ( c :: ( a; b ) h R i c ) ;

so that

str : b end :R = R( 7:2 )

(see �gure 7:0 ). Since b end is de�ned without men tioning dela ys, w e ha v e

that for all R ,

slow : b end :R = b end : slow :R :( 7:3 )

Giv en the ab o v e discussion, w e prop ose to c hange the sp eci�cation so that

instead of implemen ting � :E w e decide to implemen t �:E instead, de�ned b y

�:E = slow : b end :� :E :
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g

f

g f

� � g

�

� � ( �

4

f )

�

ter m � � g

�

pl umb

�

� � f

�

ter m

Figure 7:1 : A simpli�cation

Note that in the de�nition of � w e foresee the need to apply slo wdo wn; hence

the o ccurrence of slow . So m uc h for the in tro duction of con tra-
o w.

Another strategy for systolic design is to break the design do wn in to small

mo dules or \cells" of the same \shap e", connected in some regular w a y . T ak-

ing inspiration from F oster and Kung, w e concen trate on sequence. Consider

the expression �: ( E ; F ). Its picture in terpretation suggests a simpli�cation:

see �gure 7:1 . Let plumb b e a wiring relation de�ned b y

plumb : (( x; y ) ; z ) = (( x; y ) ; ( x; z )) :

It holds that

� � ( g

�

�

4

f )

�

term = � � g

�

plumb

�

� � f

�

term( 7:4 )

(The pro of is omitted. A simple p oin t wise calculation establishes the prop-

ert y .) By de�ning a new function � :E = � � slow :� :E , equation ( 7:4 ) ma y

b e rewritten as

�: ( E ; F ) = � :F

�

plumb

�

�:E :( 7:5 )

This result pro vides the insigh t for our next step in the pro cess of making

the design systolic, i.e. the breaking do wn of the design in to cells. W e c ho ose

sequence as the \privileged" op erator in our design, and implemen t it b y

means of equation ( 7:5 ). Ev ery regular expression E other than a sequence

will b e implemen ted b y a \cell" equal to � :E . F or instance, the in terconnec-

tion of the cells of the recognizer for the expression t

�

; v ; ( t +( u ; u )) w ould

ha v e the shap e sho wn in �gure 7:2 .

What w e are left to do is to come up with designs for the cells � : ( E + F ),

� :E

�

and � :t , for all t 2 T . Let E , F b e regular expressions; w e calculate

for c hoice:
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+ v �

t

u u

t

Figure 7:2 : Cells la y out for the recognizer of t

�

; v ; ( t +( u ; u ))

� : ( E + F )

= f de�nition of � g

� � slow :� : ( E + F )

= f de�nition of � g

� � slow : (

_

_

�

� :E

4

� :F )

= f slo wing is the same as doubling dela ys g

� � (

_

_

�

slow :� :E

4

slow :� :F )

= f equation ( 7:2 ) g

� � (

_

_

�

str : b end : slow :� :E

4

str : b end : slow :� :F )

= f slo w comm utes with b end ( 7:3 ) g

� � (

_

_

�

str : slow : b end :� :E

4

str : slow : b end :� :F )

= f de�nition of � g

� � (

_

_

�

str :�:E

4

str :�:F )

Note that in the ab o v e deriv ation w e ha v e exploited the prop ert y slow :� :E = str :�:E

in order to ha v e � reapp ear. By doing so w e ensure that the systolic optim-

izations can b e applied recursiv ely . The picture in terpretation for � : ( E + F )

can b e seen in �gure 7:3 .

W e ha v e a similar deriv ation for star :

� :E

�

= f de�nitions of � , � and slow g

� � (

_

_

�

� � slow :� :E

�

r e or g )

�

= f slow :� :E = str :�:E g

� � (

_

_

�

� � str :�:E

�

r e or g )

�

:
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_

�:F

�:E

Figure 7:3 : Picture in terpretation of � : ( E + F )

Finally , for an y t 2 T , w e ha v e

� :t

= f de�nitions of � , � and slow g

� � ( �

�

�

�

_

^

�

(

_

= t ) � � )

= f retiming ( 3:13 ) and dela ys ( 3:14 ), ( 3:3 ) g

� � ( �

�

_

^

�

(

_

= t ) � � )

�

� :

Here w e'd lik e to get rid of the righ tmost � , but with the curren t de�nition

of � w e can't. Ho w ev er, the circuits w e generate are alw a ys of the shap e

� :E

�

: : :

�

�:F , and b y the de�nition of � and equation ( 3:16 ) w e ha v e

�

�

�:F = �:F . So it's easy to see that dropping the dela y is harmless.

F ormally , all w e ha v e to do is to w eak en the de�ning prop ert y of � to

8 ( R :: � :E

�

R

�

> > = � � slow :� :E

�

R

�

> > ) :

By this de�nition, the expressions for � : ( E + F ) and � :E

�

that w e previously

deriv ed are still v alid, as w ell as equation ( 7:5 ); and the deriv ation of � :t

b ecomes:

� :t

�

R

�

> >

= f ab o v e g

� � ( �

�

_

^

�

(

_

= t ) � � )

�

�

�

R

�

> >

= f equation ( 3:16 ) g

� � ( �

�

_

^

�

(

_

= t ) � � )

�

R

�

> > :
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^

= v

^

= u

^

= t

Figure 7:4 : A systolic recognizer for the expression t ; u ; v

Summarizing our results, w e ha v e

�: ( E ; F ) = � :F

�

plumb

�

�:E

�:E = � :E

�

term

� : ( E + F ) = � � (

_

_

�

str :�:E

4

str :�:F )

� :E

�

= � � (

_

_

�

� � str :�:E

�

r e or g )

�

� :t = � � ( �

�

_

^

�

(

_

= t ) � � ) for all t 2 T :

( 7:6 )

These equations can b e in terpreted as a functional program that translates

regular expressions to systolic recognizers; see section 8.

7.3 A c hoice-privileged design

The transformation � that w e deriv ed in the last section generates circuits

that are v ery similar to the ones presen ted b y F oster and Kung. If the regular

expression to b e recognized do es not con tain c hoice or star, i.e. it is just a

string of c haracters, then � generates a fully systolic string recognizer. The

picture in terpretation of the recognizer for the string t ; u ; v can b e seen in

�gure 7:4 .

If the regular expression do es not ha v e this v ery sp ecial shap e the b ene�t is

diminished. Consider for instance expressions of the form

E

1

+ E

2

+ E

3

+ : : :

The translation of suc h expressions has the form sho wn in �gure 7:5 , and

here w e ha v e com binational paths whose length dep ends on the n um b er of

o ccurrences of \+" in the expression. The design presen ted in section 7.2

is w ell-optimized for expressions that con tain man y more \;" op erators than
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_

_

�:H

�:G

_

�:F

�:E

Figure 7:5 : A comp osition of c hoice cells: �: ( E + F + G + H )

\+ ". This problem is also presen t in F oster and Kung's w ork; they simply

fail to observ e it.

In this section w e start again from the � design of section 7.2 and sho w that if

w e c ho ose \c hoice" as the privileged op erator, w e arriv e at a totally di�eren t

design.

The �rst step is to decide on a standard \shap e" for the cells. The translation

for � : ( E + F + G ) is

_

_

�

� :E

4

(

_

_

�

� :F

4

� :G ) :
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The corresp onding picture is

_

� :E

_

� :F

� :G

A w a y to mak e this structure mo dular is suggested b y the follo wing picture,

_

� :E

_

� :F

_

� :G

( 7:7 )

where w e ma y see a comp osition of three cells of the same shap e.

Note that the retiming transformation that w e used in section 7.2 do es not

w ork here. In fact, ev en if w e in terpret the design ( 7:7 ) as ha ving con tra-


o w (the lo w er wire is not constrained, so w e ma y decide that information


o ws from left to righ t on the lo w er wire), w e are not able to design a systolic

recognizer for expressions of the kind t

0

+ t

1

+ � � � + t

n

, where for all i , t

i

2 T .

In fact, in that case w e'd ha v e a circuit of the follo wing shap e:

_

R

_

S

_

T

Applying slo wdo wn and retiming, lik e w e did in the section 7.2, w ould result

in a design that cannot b e implemen ted:

_

R

_

S

_

T

This circuit cannot b e implemen ted b ecause the an tidela ys in the upp er wire

are driv en in the wrong direction.
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This fact is not surprising: if w e w ere able to design a recognizer for c hoice

with zero latency time and a resp onse time that do es not dep end on the

n um b er of c hoices, that w ould mean w e are able to design an \or" gate with

un b ounded fan-in; and it is w ell kno wn that no suc h comp onen t exists. F or

this reason w e are forced to try a di�eren t design.

F ormally , w e de�ne a cell for c hoice as

�:E = c c :� :E ;

where

c c :R = � �

_

_

�

rsh

�

( �

4

R ) � �:

It will b e useful later to generalize the de�nition of c c to

c c

n

:R = � �

_

_

�

rsh

�

( �

n

4

R ) � �

n

:

Note that c c :R = c c

0

:R . The relation c c :R can b e pro v ed to b e the least

relation satisfying

( a; b ) h c c :R i ( a; c ) � 9 ( d :: b = c

_

_ d ^ d h R i a ) ;( 7:8 )

and from this w e obtain

( a; b ) h �:E i ( a; c ) � b = ( � :E ) :a

_

_ c:( 7:9 )

Here wire a is actually a pair of wires (the ones w e call a and e in section 7.0).

It's easy to construct a left in v erse of c c : w e try to deriv e a function c cli suc h

that for all R ,

c cli : c c :R = R :( 7:10 )

W e calculate:

a h c cli : c c :R i b

= f � assume c cli :X = S

�

X

�

T , for some S and T g

a h S

�

c c :R

�

T i b

= f calculus g

9 ( c; d; e :: a h S i ( c; d ) ^ ( c; d ) h c c :R i ( c; e ) ^ ( c; e ) h T i b )

= f ( 7:8 ) g



7.3. A c hoice-privileged design 99

_

R

R

K

F

_

R

K

F

c c :R #:R #: c c :R

Figure 7:6 : c c and #

9 ( c; e; f :: a h S i ( c; f

_

_ e ) ^ f h R i c ^ ( c; e ) h T i b )

= f � c ho ose S = � g

9 ( c; e; f :: a = f

_

_ e ^ f h R i c ^ ( c; e ) h T i b )

= f � assume ( x; y ) h T i z ) y = false g

9 ( c :: a h R i c ^ ( c; false ) h T i b )

= f � assume ( x; y ) h T i z ) x = z g

a h R i b:

It is easily v eri�ed that the t w o assumptions on T can b e satis�ed b y c ho osing

T = � � K

F

�

�

[

:

In summary , equation ( 7:10 ) holds b y de�ning

c cli :R = �

�

R

�

� � K

F

�

�

[

:

Since w e c hose the cell shap e � in order to privilege c hoice, w e exp ect to b e

able to express �: ( E + F ) in a compact w a y in terms of �:E and �:F : In fact

w e ha v e, for all a , b , c and d :

( a; b ) h �: ( E + F ) i ( a; c )

� f in terpretation of � : ( 7:9 ) g

b = ( � : ( E + F )) :a

_

_ c

� f de�nition of � g

b = (

_

_

�

� :E

4

� :F ) :a

_

_ c

� f calculus g

b = ( � :E ) :a

_

_ ( � :F ) :a

_

_ c



100 Chapter 7. Regular language recognizers

_

�:F

K

F

�:E

K

F

Figure 7:7 : The cell for sequence

� f single-p oin t rule g

9 ( d :: b = ( � :E ) :a

_

_ d ^ d = ( � :F ) :a

_

_ c )

� f ( 7:9 ) g

9 ( d :: ( a; b ) h c c :� :E i ( a; d ) ^ ( a; d ) h c c :� :F i ( a; c ))

� f calculus g

( a; b ) h �:E

�

�:F i ( a; c ) :

Hence w e ha v e found, as exp ected, that

�: ( E + F ) = �:E

�

�:F :( 7:11 )

All w e are left to do is to �nd a design for the cells for sequence, star and

the c haracter recognizer. W e calculate:

�:E

�

� f de�nition g

c c :� :E

�

� f de�nition g

c c : (

_

_

�

� � � :E

�

r e or g )

�

� f ( 7:10 ) g

c c : (

_

_

�

� � c cli :�:E

�

r e or g )

�

:

This calculation b oils do wn to op ening up de�nitions. W e exploit ( 7:10 )

to mak e � reapp ear, so that the transformation is applied recursiv ely . In a

similar w a y w e obtain the cell for sequence:

�: ( E ; F ) = c c : ( c cli :�:F

�

�

4

c cli :�:E ) :( 7:12 )
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The c haracter recognizer is obtained directly from the de�nition: for t 2 T ,

�:t = c c :� :t:

This concludes the �rst part of our task, that is �nding a common \shap e"

for the implemen tation of all regular expression op erators. The de�nitions

so far are summarized b elo w:

�:t = c c :� :t for all t 2 T

�: ( E + F ) = �:E

�

�:F

�: ( E ; F ) = c c : ( c cli :�:F

�

�

4

c cli :�:E )

�:E

�

= c c : (

_

_

�

� � c cli :�:E

�

r e or g )

�

and

cc:R = � �

_

_

�

rsh

�

( �

4

R ) � �

c c

n

:R = � �

_

_

�

rsh

�

( �

n

4

R ) � �

n

c cli :R = �

�

R

�

� � K

F

�

�

[

:

*

*

*

W e no w apply pip elining to the \ � " design. As usual, w e supp ose w e ha v e

implemen tations that corresp ond to �:E and �:F , for arbitrary regular ex-

pressions E and F ; w e also supp ose that some pip elining has b een applied

to them, so that they ha v e arbitrary extra latency time. W e mo del this b y

assuming our building blo c ks are �

n

�

�:E and �

m

�

�:F , for some n; m � 0.

Let's b egin with c hoice:

�: ( E + F )

= f ( 7:11 ) g

�:E

�

�:F

= f retiming g

�

n + m +1

�

( �

n

�

�:E )

�

�

�

( �

m

�

�:F ) :

This pro v es that giv en that R implemen ts �:E with n extra latency , and S

implemen ts �:F with m extra latency , then R

�

�

�

S implemen ts �: ( E + F )

with n + m + 1 extra latency .
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_

� :E

_

� :F

Figure 7:8 : The pip elined cell for c hoice

W e con tin ue with sequence. Recall that, b y the la ws of dela ys,

� � � = �

�

� � � and �

4

� = �

�

�

4

�:( 7:13 )

By retiming, w e also obtain that for all R and 3 2 f � ; � g ,

3

�

c cli :R = c cli : ( 3

�

R ) :( 7:14 )

W e will need a lemma that allo ws us to \pull out" an an tidela y from the

scop e of cc: W e deriv e suc h a lemma b elo w; the calculation is p erformed in

v ery small steps to reduce the risk of errors:

c c : ( �

n

�

R )

= f de�nition g

� �

_

_

�

rsh

�

( �

4

( �

n

�

R )) � �

= f fusion g

� �

_

_

�

rsh

�

( �

4

�

n

�

� � R ) � �

= f ( 7:13 ) g

� �

_

_

�

rsh

�

( �

n

�

�

n

4

�

�

� � R ) � �

= f fusion g

� �

_

_

�

rsh

�

( �

n

�

�

n

4

R ) � �

= f ( 7:13 ) g

� �

_

_

�

rsh

�

�

n

�

( �

n

4

R ) � �

n

= f retiming g

�

n

�

� �

_

_

�

rsh

�

( �

n

4

R ) � �

n

= f de�nition g

�

n

�

c c

n

:R :
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Hence,

c c : ( �

n

�

R ) = �

n

�

c c

n

:R :( 7:15 )

Supp ose no w that R implemen ts �:E with n extra latency , and S implemen ts

�:F with m extra latency:

R = �

n

�

�:E and S = �

m

�

�:F :

By the prop erties of dela ys, this is the same as

�

n

�

R = �:E and �

m

�

S = �:F :( 7:16 )

Giv en these preliminaries, w e calculate for sequence:

�: ( E ; F )

= f ( 7:12 ) g

c c : ( c cli :�:F

�

�

4

c cli :�:E )

= f ( 7:16 ) and ( 7:14 ) g

c c : ( c cli :�:F

�

�

4

( �

n

�

c cli :R ))

= f ( 7:13 ) g

c c : ( c cli :�:F

�

�

n

�

( �

n

�

� )

4

c cli :R )

= f ( 7:16 ), retiming g

c c : ( �

n + m

�

c cli :S

�

( �

n

�

� )

4

c cli :R )

= f ( 7:15 ) g

�

n + m

�

c c

n + m

: ( c cli :S

�

( �

n

�

� )

4

c cli :R ) :

W e ha v e th us sho wn that giv en that R implemen ts �:E with n extra latency ,

and S implemen ts �:F with m extra latency , then c c

n + m

: ( c cli :S

�

( �

n

�

� )

4

c cli :R ) implemen ts �: ( E ; F ) with n + m extra latency . Unfortunately ,

it's not p ossible to apply the same reasoning to the cell for star. This is

b ecause it's not p ossible to tak e an an ti-dela y out of the scop e of a feedbac k.

The \closest thing" that holds is the follo wing theorem:

( �

�

R )

�

= �

�

( R

�

� � � )

�

:

The pro of is:
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_

S

K

F

R

K

F

n + m

n

n + m

n + m

Figure 7:9 : The pip elined cell for sequence

( �

�

R )

�

= f lo op-feedbac k g

( �

4

�

�

�

�

R )

$

= f dela ys, fusion g

( � � �

�

�

4

�

�

R )

$

= f lo op fusion g

�

�

( � � �

�

�

4

�

�

R )

$

= f lo op leapfrog g

�

�

( �

4

�

�

R

�

� � � )

$

= f lo op-feedbac k g

�

�

( R

�

� � � )

�

:

W e cannot isolate the an tidela ys out of a circuit with feedbac k; hence suc h

a circuit cannot b e implemen ted, giv en that w e exp ect data to 
o w from

the righ t to the left. F or this reason, the pip elining transformation cannot

b e applied recursiv ely to the circuit for star. Of course the circuit will still

b eha v e correctly; but w e ha v e to giv e up the full systolization of the recognizer

for an expression that has a c hoice op erator within the scop e of a star.

Summarizing our results, w e ha v e a function that pro duces, for ev ery regular

expression, the extra latency of the pip elined recognizer:

`:t = 0 for all t 2 T

`: ( E + F ) = `:E + `:F + 1

`: ( E ; F ) = `:E + `:F

`:E

�

= 0 ;
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and a function that pro duces the pip elined recognizer itself:

� :t = �:t for all t 2 T

� : ( E + F ) = � :E

�

�

�

� :F

� : ( E ; F ) = c c

n + m

: ( c cli :�:F

�

( �

n

�

� )

4

c cli :�:E )

with n; m = `:E ; `:F

� :E

�

= �:E

�

:

( 7:17 )

7.4 Some considerations

In the usual squiggol st yle, one w orks with syn tactic terms that can b e in-

terpreted as b oth mathematical functions, and computer programs. What

one do es then is to tak e a term and transform it according to rules that do

not c hange the functional in terpretation, but ma y | and should | c hange

the e�ciency of the term in terpreted as a program. What w e did in the last

section is v ery similar, except that instead of w orking with a simple term,

w e had to impro v e the e�ciency of a term-v alued function, � . This is ho w

functions lik e � come in to b eing. Its c haracterisation as a function from re-

lations to relations is simple; but it is not as easy to sp ecify formally what

w e exp ect � to do as a function from syn tactical terms to syn tactical terms.

What w e had in mind as w e w ork ed is \apply the useful transformations as

thoroughly as p ossible." It could pro v e fruitful to apply further w ork to de-

v elop notations for cleanly sp ecifying term transformation functions of this

kind.

An in teresting elemen t of the � deriv ation is the use of the unique extension

prop ert y (uep) for regular languages in the case of a starred expression. The

fact that the sub expression should not include the empt y w ord is a necessary

and su�cien t condition for application of the uep. This is where the error

o ccurred in F oster and Kung's original pap er. The non-uniqueness of solu-

tions to certain equations in relation calculus corresp onds to indeterminate

b eha viour in the corresp onding circuits.
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Chapter 8

Sim ulation with the Rub y

in terpreter

T o demonstrate that the designs presen ted in c hapters 5, 6 and 7 are detailed

enough to b e implemen ted, w e presen t here an example implemen tation for

the Rub y in terpreter written b y Hutton, and do cumen ted in his thesis [23].

The implemen tation sho wn here is straigh tforw ard, and con tains no new

tec hnical details; ho w ev er, it b ears some in terest from a practical p oin t of

view.

The in terpreter is written in an v arian t of ML (see e.g., [43]) called \Lazy

ML" It can b e found as of 1997 b y ftp at ftp.cs.chalmers.se , in directory

/pub/misc/ruby . The language Lazy ML has b een sup erseded b y Hask ell;

hence it is no longer widely a v ailable. Again, as of 1997 one can �nd it b y ftp

at ftp.cs.nott.ac.uk , directory /haskell/chalmers/old , or b y lo oking

for the �les lml-0.999.7.doc.tar.gz and lml-0.999.7.src.tar.gz with

In ternet indexing services suc h as ftpsearch .

The next section giv es a short in tro duction to the Rub y in terpreter. After

that, section 8.1 in tro duces a few basic de�nitions that mak e the in terpreter's

syn tax more consisten t with the rest of the thesis. In sections 8.2, 8.3 and 8.4,

the � , � and � designs from c hapter 7 are implemen ted with the Rub y in ter-

preter.

107
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8.0 In tro duction to the in terpreter

8.0.0 The language

As is common in ML implemen tation of in terpreters, there is no parser.

The user program is not represen ted b y text; one uses the underlying ML

system to build data structures that ha v e the correct t yp e. In this case, the

t yp e of Rub y terms. This is particularly adv an tageous to us, since what w e

deriv ed in the previous sections are functions from the datat yp e of regular

expressions to the datat yp e of Rub y programs. These functions can b e nicely

implemen ted in ML.

There are of course a few di�erences b et w een the mathematical presen tation

of the designs and their implemen tation. Mainly these di�erences ha v e to

do with the implemen tation of dela ys. While our calculus is essen tially un-

t yp ed, so that one can place a dela y in fron t of an arbitrary wire, Hutton's

in terpreter distinguishes b et w een in teger-v alued dela ys and b o olean-v alued

dela ys. Moreo v er, dela ys to b e placed on arbitrary collections of wires m ust

b e constructed with the pro duct com binator.

While un til no w w e pretended that a circuit's execution p ersists inde�nitely

in the future as w ell as in the past, in realit y a circuit is switc hed on at

some momen t. Therefore, dela y elemen ts m ust either b e initialized with

some de�nite v alue, or left uninitialized (i.e., their v alue is unde�ned at time

0.) Hutton's in terpreter c ho oses the former, th us forcing one to sp ecify the

initialization v alue of all dela ys.

A secondary di�erence is that the crisp mathematical notation m ust b e re-

placed b y the ascii-based syn tax of ML programs. There is little w e can

do ab out this, short of writing a syn tax-directed graphical editor for Rub y-

generating programs. F urthermore, there are di�erences b et w een our st yle of

relation calculus and standard Rub y , mainly b ecause in Rub y input is gener-

ally though t of as coming from the left; w e em brace the opp osite con v en tion.

F or this reason w e had to rede�ne the primitiv e comp onen ts suc h as logic

gates.

The comp osition op erator is written \ .. "; for instance, where w e usually

write R

�

S , here w e m ust write R .. S . The reason for this c hoice of sym b ol

is that the sym b ol . (a single dot) is already de�ned in ML to stand for

function comp osition.

The pro duct is written \ !! ": instead of R � S , w e ha v e R !! S . Again,

the reason for this c hoice of sym b ol is that the sym b ol || has a prede�ned

meaning in Lazy ML.
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The con v erse of a circuit \ R " is written \ inv R ". The iden tit y circuit is

\ rid " (for \Rub y iden tit y"). The rep eated comp osition of a circuit R , that

is R

n

, is written \ repeat n R ". There is a sp ecial notation for de�ning wiring

relations. F or instance, the Rub y relation swap w ould b e de�ned as

wiring (list [wire 1; wire2], list [wire 2; wire 1])

8.0.1 Using the in terpreter

The rc command (Rub y Compiler) en ters a circuit in the in terpreter. F or

instance, after the command rc rid; the in terpreter is ready to sim ulate the

circuit rid (that is � ). T o execute a sim ulation one m ust pro vide a sequence of

input data, b y means of the command rsim (Rub y Sim ulator). F or instance,

after en tering the iden tit y circuit with rc , the command rsim "0;2;4" pro-

duces as output

0 - 0 ~ 0

1 - 2 ~ 2

2 - 4 ~ 4

The �rst column con tains the clo c k tic k n um b er; the second and third sho w

the data that app ear on the left and righ t sides of the circuit, resp ectiv ely .

8.1 Preliminaries

The �rst thing to do is to load the Rub y sim ulator.

source "/home/matteo/rubysim/rub ysi m";

W e con tin ue with a n um b er of de�nitions, aimed at bringing the syn tax of

what follo ws as close as p ossible to the mathematical de�nitions.

These are the pro jection on pro ducts, corresp onding to � and � . They are

de�ned to b e the in v erse of the pro jection primitiv es o�ered b y the in ter-

preter. The reason is that in standard Rub y input is b y con v en tion though t

of as coming from the left, while w e em brace the opp osite con v en tion.

let outl = (inv p1);

let outr = (inv p2);
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The split op erator, R

4

S :

let split r s = (r !! s) .. (inv fork);

The feedbac k op erator, R

�

; it is built b y means of

let rrr = wiring (list [list [wire 1; wire 2]; wire 2],

wire 1);

let feedback r = fork .. (r !! rid) .. rrr;

A few b o olean gates:

let ANDG = (inv AND);

let ORG = (inv OR);

The c haracter comparator (the one written

_

(= t ) in the mathematical presen t-

ation)

let EQL t = (inv EQ) .. (first (icon t)) .. p2;

As discussed ab o v e, here are sev eral dela y de�nitions, one for eac h t yp e of

wire that w e need: b o olean, in teger, and the ( a; e ) bus.

let bdelay = (inv (bdel false));

let idelay = (inv (idel 0));

let busdelay = idelay !! bdelay;

The follo wing are the de�nitions of rep eated dela ys: bdelays n corresp onds

to �

n

, on a b o olean wire. The other de�nitions are for in teger and \bus"

dela ys.

let rec bdelays n = repeat n bdelay;

let rec idelays n = repeat n idelay;

let rec busdelays n = repeat n busdelay;

8.2 The � design

The datat yp e of regular expressions. Since this Rub y in terpreter do es not

supp ort the t yp e of \c haracters", w e'll use in tegers in place of them.

let rec type E = char Int + choice E E + seq E E + star E;
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F rom no w to the end of this section, w e will iden tify the c haracters t; u; v ; z

with the n um b ers 19,20,21,25 resp ectiv ely (these are the ordinals of the letters

t,u,v,z in the alphab et.)

let t = 19

and u = 20

and v = 21

and z = 25;

The wiring relation r e or g is de�ned b y

let reorg = wiring (list [wire 2; list [wire 1; wire 3]],

list [list [wire 1; wire 2]; wire 3]);

The de�nition of � is no w easily done, based on ( 7:1 ):

let rec tau (char t) = bdelay

.. ANDG

.. ((EQL t) !! rid)

|| tau (choice E F) = ORG

.. (split (tau E) (tau F))

|| tau (seq E F) = (tau F)

.. (split (outl) (tau E))

|| tau (star E) = (feedback ( ORG

.. (rid !! (tau E))

.. reorg ))

;

W e ma y no w try a few examples. W e b egin with the examples in section 7.0.

The regular expression is t ; t . The follo wing command en ters � : ( t ; t ) in the

in terpreter:

rc (tau (seq (char t) (char t)));

The in terpreter resp onds with:

Name Domain Range

------------------------ ---- ---- --

EQ <0,w1> w2
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EQ <0,w1> w3

----------------------- ---- ---- ---

AND <w2,w4> w5

AND <w3,w6> w7

----------------------- ---- ---- ---

D_F w5 w8

D_F w7 w4

----------------------- ---- ---- ---

Primitives - 4

Delays - 2

Longest path - 3

Parallelism - 20%

Directions - out ~ <in,in>

Wiring - w8 ~ <w1,w6>

Inputs - w1 w6

The output b egins with a list of the \comp onen ts" in the circuit, and lists

their connections. Then some statistics are prin ted, and then |most imp ortan tly|

the direction of data through the wires: the line Directions - out ~ <

in,in> sa ys that the circuit accepts pair of v alues on the righ t, and outputs

single v alues on the left.

Let's submit some data: the input part of the �rst table in section 7.0 is

submitted to the circuit with the command

rsim "19 F; 19 T; 19 F; 19 F; 19 T; 20 F; 19 F";

the n um b er 19 here stands for c haracter t , and T , F are the b o olean true and

false . The system resp onds with

0 - F ~ (19,F)

1 - F ~ (19,T)

2 - F ~ (19,F)

3 - T ~ (19,F)

4 - F ~ (19,T)

5 - F ~ (20,F)

6 - F ~ (19,F)
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whic h is exactly the result w e exp ected. The second table in section 7.0 is

repro duced with the command

rsim "19 F; 19 T; 19 T; 19 F; 19 F; 19 F";

The output is

0 - F ~ (19,F)

1 - F ~ (19,T)

2 - F ~ (19,T)

3 - T ~ (19,F)

4 - T ~ (19,F)

5 - F ~ (19,F)

Aside. A more con v enien t w a y to feed data to the in terpreter is b y means

of help er functions. It is not necessary to understand the de�nitions of

feed_data and feed_data1 , as long as the examples of their use are clear.

let feed_data [] = ""

|| feed_data (i.is) =

show_int i @ " T"

@ (conc (map (\x . "; " @ show_int x @ " F") is));

F or instance, the output of

feed data [t;u;v];

is the string

"19 T; 20 F; 21 F"

The v arian t feed_data1 k eeps the enable signal true for the �rst t w o clo c k

tic ks, instead of one.

let feed_data1 [] = ""

|| feed_data1 [i] = show_int i @ " T"

|| feed_data1 (i0.i1.is) =

show_int i0 @ " T; " @ feed_data (i1.is);
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The output of

feed data1 [t;u;v];

is the string

"19 T; 20 T; 21 F"

End Aside.

Let's no w try a more substan tial example, to exercise all branc hes of the

de�nition of � . W e w an t to recognize ( t + u )

�

; ( u + v )

�

:

rc (tau (seq (star (choice (char t) (char u)))

(star (choice (char u) (char v)))));

Here is some test data:

rsim (feed_data [t;u;t;u;v;u;v;t;u;v]);

0 - T ~ (19,T)

1 - T ~ (20,F)

2 - T ~ (19,F)

3 - T ~ (20,F)

4 - T ~ (21,F)

5 - T ~ (20,F)

6 - T ~ (21,F)

7 - T ~ (19,F)

8 - F ~ (20,F)

9 - F ~ (21,F)

The circuit correctly recognizes that all pre�xes of the giv en string, except

the last three c haracters, b elong to the target language. Note that w e ha v e

giv en a single enable impulse, at time 0.

Supp ose w e w ere to ignore the prohibition on placing an expression con taining

the empt y w ord inside the scop e of a \star"; let's sa y w e try to compile � : ( t

��

):

rc (tau (star (star (char t))));

The system resp onds with

ERROR: unbroken loop in {OR,OR,D_F,AND}

Th us theory and implemen tation agree that suc h a circuit is not correct.
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8.3 The � design

A few auxiliary de�nitions:

let plumb = wiring ( list [list [wire 1; wire 2];

list [wire 1; wire 3]]

, list [list [wire 1; wire 2];

wire 3]);

let str R =

let ll = wiring ( wire 1

, list [wire 2;

list [wire 2; wire 1]])

in ll .. (rid !! R) .. (inv outl);

Ab out term , the de�nition in section 3 cannot b e accurately translated in

the language accepted b y the Rub y in terpreter, since the > > relation is not

among its primitiv es.

T rying to cop e with this problem, w e �rst observ e that in our programs,

the v alue on the righ t side of a term is nev er \used"; in fact term either

app ears \at the outer lev el" in circuits of the form R

�

term , where w e are

only in terested in the v alues on the left domain, or in sub circuits of the shap e

str : ( R

�

term ), where b y the de�nition of str the v alue on the righ t domain

of term is ignored. Hence w e are free to regard the righ t domain of term

as an input or an output; the c hoice will not a�ect the in terpretation of our

circuits.

W e exploit this freedom of c hoice b y regarding the righ t domain of term

as an output. No w, w e'd lik e to b e able to express that this output v alue

is alw a ys c hosen at random. But since Hutton's in terpreter do es not allo w

for nondeterministic circuits (for a precise de�nition of what it means to b e

deterministic for a Rub y program see Hutton's thesis [23]), w e arbitrarily

c ho ose the v alue to b e equal to the ones on the left domains. In other w ords,

w e replace �

4

�

�

> > b y �

4

� . This c hoice amoun ts to �xing one out of all

p ossible b eha viours; again, this c hoice will not a�ect the in terpretation of

the circuits.

let term = wiring (list [wire 1; wire 1], wire 1);

W e can no w represen t � and � (upsilon). The �rst clause of the de�nition of

rho rewrites a three-places sequence so that the op erators asso ciate to the

left. This is needed for the translation to b e done correctly . Apart from this,

the LML de�nition is v ery close to the original mathematical de�nition.
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let rec rho (seq E (seq F G)) = rho (seq (seq E F) G)

|| rho (seq E F) = (ups F) .. plumb .. (rho E)

|| rho E = (ups E) .. term

and rec ups (choice E F) =

rid !! ( ORG

.. (split (str (rho E))

(str (rho F)) ))

|| ups (star E) =

rid !! (feedback ( ORG

.. (rid !! (str (rho E)))

.. reorg))

|| ups (char t) =

(inv busdelay)

!! (bdelay .. ANDG .. ((EQL t) !! rid))

;

W e ma y no w again test a few examples. Let's start with a simple string

pattern: t ; u ; v .

rc (rho (seq (seq (char t) (char u)) (char v)));

The output is:

Name Domain Range

------------------------ ---- --- ---

D_0 w1 w2

D_F w3 w4

EQ <21,w2> w5

D_0 w2 w6

D_F w4 w7

EQ <20,w6> w8

D_0 w6 w9

D_F w7 w10

EQ <19,w9> w11

------------------------ ---- --- ---

AND <w5,w12> w13

AND <w8,w14> w15

AND <w11,w10> w16

------------------------ ---- --- ---

D_F w13 w17

D_F w15 w12
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D_F w16 w14

------------------------- ---- --- --

Primitives - 6

Delays - 9

Longest path - 3

Parallelism - 28%

Directions - <<in,in>,out> ~ <out,out>

Wiring - <<w1,w3>,w17> ~ <w9,w10>

Inputs - w1 w3

The \Directions" section sho ws that b oth input and output o ccur on the left

side of the circuits | the righ t side should b e b e ignored, as discussed ab o v e.

Since � is a slo w ed circuit, the input m ust b e in terlea v ed with a second

sequence (see [25]). F or this execution, the second sequence is comp osed of

\don't care" v alues.

rsim (feed_data [t;0;u;0;v;0;0;0]);

The output is:

0 - ((19,T),F) ~ (0,F)

1 - ((0,F),F) ~ (0,F)

2 - ((20,F),F) ~ (0,F)

3 - ((0,F),F) ~ (19,T)

4 - ((21,F),F) ~ (0,F)

5 - ((0,F),F) ~ (20,F)

6 - ((0,F),T) ~ (0,F)

7 - ((0,F),F) ~ (21,F)

As w e said b efore, the v alues on the righ t domain should b e ignored. The

string is recognized at step 6, as the left domain is ((0,F),T) , the output

part b eing the second elemen t of the pair.

T o demonstrate that a slo w circuit p erforms t w o separate, in terlea v ed com-

putations, w e compile the recognizer for ( t ; u ; v ) + ( z ; z ). F or clarit y , w e put

the whole circuit inside the scop e of str , so that input o ccurs on the righ t

and output on the left side. This will mak e it easier to read the execution

transcript.
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rc (str (rho (choice (seq (seq (char t) (char u)) (char v))

(seq (char z) (char z)) )));

The tail of the output is:

Primitives - 11

Delays - 15

Longest path - 3

Parallelism - 30%

Directions - out ~ <in,in>

Wiring - w3 ~ <w4,w6>

Inputs - w4 w6

W e no w demonstrate the circuit with an in terlea ving of the sequences z ; z ; 0 : : :

and t ; u ; v ; 0 : : : :

rsim (feed_data1 [z;t;z;u;0;v;0;0]);

(Note that w e'v e used feed_data1 so that the enable input b e asserted for

the �rst t w o clo c k tic ks.) The output is:

0 - F ~ (25,T)

1 - F ~ (19,T)

2 - F ~ (25,F)

3 - F ~ (20,F)

4 - T ~ (0,F)

5 - F ~ (21,F)

6 - F ~ (0,F)

7 - T ~ (0,F)

8.4 The � design

W e de�ne the \shap e" of a � cell:

let ccn n R = (rid !! ORG)

.. rsh

.. ((split (busdelays n) R) !! rid);

let cc R = ccn 0 R;
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And no w the left-in v erse of cc :

let ccli R = outr

.. R

.. second (bcon false)

.. (inv outl);

The � cell:

let rec kappa (char t) = cc (tau (char t))

|| kappa (choice E F) = (kappa E) .. (kappa F)

|| kappa (seq E F) =

cc ( (ccli (kappa F))

.. (split outl

(ccli (kappa E)) ))

|| kappa (star E) =

cc (feedback ( ORG

.. (rid !! (ccli (kappa E)))

.. reorg))

;

Finally , here is the de�nition of the latency function ` , and of the pip elined

recognizer, � .

let rec ell (char t) = 0

|| ell (choice E F) = ell E + (ell F) + 1

|| ell (seq E F) = ell E + (ell F)

|| ell (star E) = 0

;

let rec eta (char t) = kappa (char t)

|| eta (choice E F) =

eta E

.. (busdelay !! bdelay)

.. (eta F)

|| eta (seq E F) =

let n = ell E

and m = ell F

in ccn (n+m) ( (ccli (kappa F))

.. (split (idelays n .. outl)
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(ccli (kappa E)) ))

|| eta (star E) = kappa (star E)

;

W e compile no w the pip elined recognizer for t + ( u ; u ) + ( v ; v ; v ).

let e = choice (char t)

(choice (seq (char u) (char u))

(seq (seq (char v) (char v)) (char v)) );

rc (eta e);

The tail of the output is

Primitives - 21

Delays - 12

Longest path - 4

Parallelism - 22%

Directions - <<out,out>,out> ~ <<in,in>,in>

Wiring - <<w4,w8>,w3> ~ <<w15,w16>,w31>

Inputs - w15 w16 w31

The circuit has the shap e of a � : as the \Directions" line sho ws, there are t w o

more outputs and one more input than needed. The extra input should b e

alw a ys set to true , and the extra output are just copies of the ( a; e ) bus. The

purp ose of the c c left in v erse, c cli , is to con v ert a � -shap e recognizer to the

usual Directions - out ~ <in,in> shap e, taking care of these details.

Therefore, w e compile instead

rc (ccli (eta e));

and obtain, as exp ected,

Primitives - 21

Delays - 12

Longest path - 4

Parallelism - 22%
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Directions - out ~ <in,in>

Wiring - w3 ~ <w15,w16>

Inputs - w15 w16

Since this is a pip elined recognizer, w e should exp ect some extra latency .

Executing

ell e;

w e obtain 2 . Hence the results will app ear t w o clo c k tic ks later than exp ected.

W e demonstrate this recognizer:

rsim (feed_data [v;v;v;0;0;0;0]);

pro duces, as exp ected,

0 - F ~ (21,T)

1 - F ~ (21,F)

2 - F ~ (21,F)

3 - F ~ (0,F)

4 - F ~ (0,F)

5 - T ~ (0,F)

6 - F ~ (0,F)

and

rsim (feed_data [u;u] @ ";" @ (feed_data [t;0;0;0]));

pro duces

0 - F ~ (20,T)

1 - F ~ (20,F)

2 - F ~ (19,T)

3 - F ~ (0,F)

4 - T ~ (0,F)

5 - T ~ (0,F)
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(Note that in step 2, the tic k after the pattern u ; u is input, w e input the

pattern t and w e assert again the enable signal. This results in the pattern t

b eing recognized, while the output of the previous elab oration is still in the

pip eline. the T result in step 4 signals that the pattern u ; u w as recognized;

the T result in step 5 is for the t pattern.)

Let's no w demonstrate our claims ab out com binatorial path length. W e

claimed that our � design results in circuits suc h that the length of longest

com binational path do es not increase as the n um b er of \+" op erators in the

regular expression increases. According to the compiler output, the longest

path is 4 units long. W e no w add more c hoice branc hes to the previous

regular expression:

let e1 = (choice e (choice (char z)

(choice (char u) (char v))));

th us e1 corresp onds to the regular expression t + ( u ; u ) + ( v ; v ; v ) + z + u + v .

rc (ccli (eta e1));

the in terpreter resp onds with

Primitives - 30

Delays - 24

Longest path - 4

Parallelism - 23%

Directions - out ~ <in,in>

Wiring - w3 ~ <w38,w39>

Inputs - w38 w39

The price for this is an increased latency: in fact, the latency of this circuit

is ell e1 = 5 . On the other hand, increasing the n um b er of \;" op erators

ma y increase the longest path length: let e2 = ( t + ( u ; u ) + ( v ; v ; v )); t ; t

let e2 = seq e (seq (char t) (char t));

then

rc (ccli (eta e2));
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results in

Primitives - 29

Delays - 14

Longest path - 6

Parallelism - 14%

Directions - out ~ <in,in>

Wiring - w40 ~ <w5,w6>

Inputs - w5 w6

Hence the longest com binational path w as 4 for e , but increases to 6 for e1 .

8.5 Conclusions

W e ha v e demonstrated ho w the regular language recognizers from c hapter 7

can b e straigh tforw ardly implemen ted using an existing Rub y in terpreter.

While no new tec hnical details are sho wn, the implemen tation has some

in terest from a practical p oin t of view, and it demonstrates that the circuits

that w e deriv ed are indeed implemen table.

The Rub y in terpreter do es not ha v e a parser, so that ML terms represen t-

ing circuits m ust b e directly constructed b y the user. This fact is not an

hindrance at all; in fact it greatly helps since it mak es it v ery easy to write

Rub y-generating programs. Our designs ( 7:1 ), ( 7:6 ) and ( 7:17 ) are actually

functional programs that transform regular expressions in to circuits, so the

translation from the mathematical notation to the in terpreter's syn tax w as

v ery simple and direct. Although there are surface di�erences, as all ML

programs are ASCI I strings in the end, the structure of the Rub y in terpreter

implemen tations of tau , rho and eta is v ery close to the structure of the

corresp onding equations.
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Chapter 9

A T angram implemen tation

W e presen t a simple compiler for the language of Rub y terms in to T angram

circuits. T angram is a language for the description of async hronous circuits

that w as devised b y V an Berk el [51]. T angram programs can b e compiled to

async hronous circuits b y means of a compiler dev elop ed under v an Berk el's

sup ervision at the Philips researc h lab oratories in Eindho v en. The T angram

compiler tg2hc translates T angram programs in to an in termediate notation

called handshake cir cuits , whic h can then b e in terpreted (i.e., sim ulated) or

compiled to silicon. T angram as a programming language is deriv ed from

Hoare's CSP [21]. A similar language is Handel, dev elop ed b y Ian P age [41];

the main di�erence is that Handel is compiled to sync hronous circuits.

Our compiler p erforms a syn tax-directed translation from Rub y circuits to

T angram. P art of it is deriv ed from Hutton's in terpreter [23]; see c hapter 8.

The compiler is written in Gofer

0

, a functional programming language v ery

similar to Hask ell, devised and implemen ted b y Mark P . Jones.

It m ust b e noted that although T angram is implemen ted in async hronous

circuits, the T angram programs w e pro duce are still essen tially sync hronous.

So they do not tak e adv an tage of man y of the features that T angram o�ers.

W e use T angram as a means of sho wing that our designs are actually imple-

men table; but w e do not claim that the T angram programs w e pro duce are

the b est p ossible T angram implemen tation for the task at hand.

As is usual for this kind of exp erimen tal compiler, there is no parser. Rub y

terms are just a de�ned datat yp e, and the user is exp ected to construct the

elemen t of this datat yp e that represen ts the Rub y term he w an ts to compile.

Besides eliminating the problem of in v en ting a concrete syn tax and writing

0

ftp://ftp.cs.nott .ac .u k/n ot t- fp/ la ngu ag es /go fe r

125
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a parser, this approac h has the adv an tage to mak e it easy to write programs

that write programs, suc h as the de�nitions of � , � and � in section 9.2.

The compilation is b etter describ ed as a sequence of phases. In the �rst phase

the Rub y term is translated to a datastructure w e call \Net w ork" along with

Hutton [23]. This �rst phase is a mo di�cation of the co de Hutton presen ted

in his thesis.

In the second phase, the net w ork is c hec k ed against a n um b er of requiremen ts

to see that it is implemen table. The requiremen ts are:

� All wires should b e assigned a t yp e.

� All wires should b e driv en b y at most 1 gate. Wires that are led b y no

gate are inputs, and m ust app ear in the list of external sym b ols.

(Ideally , w e should also c hec k that there are no cycles that are not in terrupted

b y dela ys, but presen tly the compiler do es not enforce this. Sim ulating a

program with suc h a cycle, suc h as the T angram program pro duced for

_

^

�

,

results in an error from the T angram to ols.) There is a further restriction

that our compiler enforces, that is that all output wires m ust b e outputs of

dela ys. It w ould b e p ossible to mo dify the compiler to remo v e this restriction,

but it w ould add complexit y to the compiler co de. If the ab o v e requiremen ts

are met, then compilation pro ceeds to the third phase.

In the third phase, the net w ork is translated to a string of c haracters whic h

happ ens to b e a T angram program.

Once w e ha v e obtained a T angram program, w e can sim ulate its op eration

with the tangram sim ulator hcsim . W e will try the same examples w e tried

with the Rub y in terpreter in c hapter 8. W e will use the de�nitions of � and

� , from that section, (hand-)translated from Lazy ML to Gofer.

By running our examples with the T angram sim ulator w e ha v e the guaran tee

that our examples could b e compiled to silicon, should w e w an t to. In addi-

tion, the sim ulator pro vides a host of data ab out the circuit's p erformance

in terms of area, sp eed, and energy consumption.

As an example of what the compiled T angram programs lo ok lik e, consider

the translation of ( �

�

_

^ )

4

( �

�

_

_ ) in �gure 9 on the next page All our

T angram programs ha v e this structure: they comm unicate with the external

en vironmen t through c hannels; there is one c hannel for eac h wire en tering

or exiting the circuit. The b o dy of the program consists of a \forev er" lo op

that executes t w o commands in sequence. The �rst command p erforms com-

m unication on all the c hannels; the second up dates the con ten ts of all lo cal



9.0. T angram 127

(c1!bool & c6!bool & c2?bool & c3?bool).

begin

v1: var bool

& v2: var bool

& v3: var bool

& v6: var bool

|

forever do

c1!v1 || c6!v6 || c2?v2 || c3?v3

; <<v1,v6>>

:= begin

w0 = val v2 * v3

& w5 = val v2 + v3

| <<w0,w5>>

end

od

end

Figure 9:0 : A T angram program example

v ariables, except for those that are used to hold the inputs ( v2 and v3 in the

ab o v e example).

9.0 T angram

A simple in tro duction to T angram is giv en here, where w e only men tion the

language features that w e use in this thesis. F or a complete description of

the language, see V an Berk el [51] or Sc halij [48].

A T angram program is comp osed of an \external declaration", follo w ed b y a

command. The external declaration is a list of the c hannels that the program

uses to comm unicate with the en vironmen t, together with their t yp es. F or

instance

(a?bool & b![0..127])

is an external declaration of t w o c hannels, one of whic h ( a ) is an input c hannel

of t yp e b o olean; (this means that the external en vironmen t writes data on
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it.) The other c hannel, b , is an output c hannel of t yp e [0..127] , that is a

c hannel that the en vironmen t is supp osed to read, and carries v alues of t yp e

in teger b et w een 0 and 127, included.

Bo olean and in teger subranges are the only scalar t yp es a v ailable in T angram.

Among the structured t yp es, the only one w e use here is the tuple, written

<<E0, E1, E2, ..., En>>

The simplest kind of command is the assignmen t command, whic h has the

ordinary P ascal syn tax and meaning. Comm unication commands ha v e the

shap e a?x or b!E , where a is an input c hannel, x is a v ariable, b is an output

c hannel and E is an expression. The e�ect of a comm unication command is

to comm unicate a v alue through a c hannel. The en vironmen t m ust \collab-

orate" for a comm unication to o ccur; no comm unication o ccurs unless the

other part y is ready to participate in it. This is the usual meaning of the

comm unication actions in CSP .

Commands can b e comp osed in sequence or in parallel; if C0 and C1 are

commands, then C0 ; C1 is the sequen tial comp osition, while C0 || C1 is

the parallel comp osition of the t w o commands.

The forever do command implemen ts un b ounded rep etition. The syn tax

for the un b ounded rep etition of command C is

forever do C od

The blo c k command p ermits the in tro duction of lo cal declarations. The

syn tax is

begin D | C end

where D is a sequence of declarations, and C is a command. In our circuits,

the blo c k command will only b e used for lo cal v ariables, although other kinds

of declarations are allo w ed.

The syn tax for expressions is standard, except that the op erators * , + and

unary - are o v erloaded. When applied to in tegers, they ha v e their usual

meaning of m ultiplication, addition, and negation resp ectiv ely . When applied

to b o oleans, they mean conjunction, disjunction and logic negation. It should

b e noted that in teger m ultiplication is only allo w ed if one of the t w o op erands

is a constan t.
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A particular kind of expression is the blo c k expression, whic h is used to

declare lo cal names within an expression: for D a list of declarations and E

an expression,

begin D | E end

The main purp ose of blo c k expression is to factor common sub expressions, in

order to sa v e area. This is done b y means of a particular declaration called

value de clar ation , that is only allo w ed in blo c k expressions. F or instance, the

expression

f(x+y, x+y)

has the same v alue as

begin a = val x+y | f(a, a) end ;

except that for the latter a single adder is generated, instead of t w o.

9.1 The compiler in detail

9.1.0 T yp e declarations

W e b egin the description of the compiler with the t yp e declarations.

data Tree a = Nil | LEAF a | PAIR (Tree a) (Tree a)

type Wiretree = Tree Wire

type Wire = Int

T rees are de�ned in the usual w a y . A tree of wires, or Wiretree , mo dels

what w e call \arbitrary collection of wires" in section 3. W e iden tify eac h

wire with a n um b er.

data Ruby = PRIM Prim

| WIRING (Wiretree, Wiretree)

| SEQ Ruby Ruby

| PAR Ruby Ruby

| INV Ruby
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data Prim = AND | OR | NOT | EQL | CONST TValue

| DELAY | NOP | TYPE TType | TOP

data TType = TBool | TRange Int

data TValue = TFalse | TTrue | TInt Int

A Rub y program is describ ed b y cases: it is either a primitiv e, or a wir-

ing relation, or the sequence, parallel comp osition or in v erse of other Rub y

programs.

Recall that a wiring relation captures all comp onen ts that only p erform a

rearrangemen t of wires, suc h as, for instance � , fork , or rsh . Wirings are

represen ted b y a pair of wiretrees. Essen tially , a wiring represen ts a set of

equations on wires. F or instance, fork

2

is represen ted b y

WIRING (PAIR (LEAF 0) (LEAF 0), LEAF 0) :

In actual use the n um b ers that app ear in the de�nition of a wiring are con-

sisten tly substituted for the wire n um b ers of the circuits that the wiring is

connected to.

The primitiv es comprise all the standard com binational comp onen ts suc h

as

_

^ ,

_

_ and _= , the constan t circuit K

n

, the dela y � , and top > > . The

TYPE primitiv e is sp ecial: it is used to in tro duce t yp e constrain ts on the

wires. When w e did our calculations in the preceding c hapters w e could

reason ab out c haracter-v alued streams without sp ecifying what the set of

c haracters w as. But in order to obtain a T angram implemen tation, w e m ust

assign eac h wire a t yp e. The only scalar t yp es supp orted b y T angram are

the b o oleans, and (�nite) subranges of the in tegers. All wires connected to

b o olean primitiv es lik e

_

^ are automatically assigned b o olean t yp e. But the

inputs to the _= primitiv e could b e of an y subrange t yp e. The natural w a y

to assign a constrain t in relation algebra is b y comp osition with a monot yp e.

Therefore w e in tro duce the primitiv e TYPE to b e the monot yp e suc h that

m h TYPE (TRange n) i m � 0 � m < 2

n

and

m h TYPE TBool i m � m = TFalse _ m = TTrue

(The T pre�x in TBool and other iden ti�ers stands for \T angram" and is

mean t to a v oid name clashes with Gofer standard t yp es.) A Node is a triple
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that asso ciates a primitiv e to a left and righ t domain, represen ted b y t w o

wiretrees.

type Node = (Wiretree , Prim , Wiretree)

A Network is a triple where the �rst elemen t is a list of no des, and the second

and third elemen t are the left and righ t domain of the net w ork. The domains

are wiretrees rather than simply lists of wires b ecause the shap e information

is needed when t w o net w orks are to b e com bined to implemen t a sequen tial

comp osition. In that case it is necessary to c hec k that the domains of the

t w o net w orks are compatible, i.e., that they ha v e the same shap e.

type Network = ([Node], Wiretree, Wiretree)

9.1.1 The main program

The structure of the compiler is eviden t in its top function, r2t (from \Rub y

to T angram").

r2t :: Ruby -> String

r2t prog =

let (net,_) = translate (prog, 0)

types = type_assign net

clnet = clean net

ws = wires clnet

und = undefs ws types

od = over_driven clnet

ud = under_driven clnet

err str = str ++ "\n" ++ pp_network clnet

in if not (null und)

then err ("*** Error: wires " ++ show und ++ " have no type constraint")

else if not (null od)

then err ("*** Error: wires " ++ show od ++ " driven more than once")

else if not (null ud)

then err ("*** Error: wires " ++ show ud ++ " internal and not driven")

else tgskel (net2tangram clnet types)

The compiler returns a string of c haracters, whic h con tains a T angram pro-

gram in case the compilation w as successful, or an error message otherwise.

Compilation of a Rub y program consists of �rst translating it in to a net w ork

with translate ; then t yp es are assigned to all wires with type assign ; hence

the net w ork is \cleaned" b y remo ving all no des of t yp e NOP (no op eration)
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or TYPE (t yp e constrain t), whic h are not needed in subsequen t phases. Then

a n um b er of lists of wires are built: ws is the list of all wires, und is the list

of wires that w ere not assigned a t yp e. List od con tains the wires that are

driv en more than once; this list w ould b e non-empt y when trying to compile,

for instance,

_

^

[

�

_

^ (since the outputs of the t w o

_

^ comp onen ts are con-

nected together). List ud con tains the wires that are not driv en, and do not

o ccur in the external in terface of the net w ork. If all of the three lists und , od

and ud are empt y , then compilation pro ceeds with the call to net2tangram ,

whic h pro duces a compact represen tation of the T angram program, to b e

then expanded b y tgskel in to a legal T angram program.

9.1.2 F rom Rub y to net w orks

The �rst step is the translation from Rub y programs to net w orks. This is

done b y means of a mo di�cation of Hutton's Rub y in terpreter [23]. F or

instance, the translation of a simple program consisting of a single \

_

^ " gate

is:

? translate (PRIM AND, 0)

(([(LEAF 2,AND,PAIR (LEAF 0) (LEAF 1))],LEAF 2,PAIR (LEAF 0) (LEAF 1)),3)

(Here and in the follo wing information t yp ed b y the user is righ t after the ?

prompt, while the text in the lines b elo w are output b y the gofer system.)

The second argumen t giv en to translate , a 0 in the example ab o v e, is

needed to generate wire \names": w e asso ciate a unique n um b er to eac h

wire. F unction translate returns the net w ork together with a n um b er,

whic h b y the de�nition of translate is \fresh", i.e. it is not asso ciated to

an y wire in the net w ork that is returned.

The ab o v e example is hard to read, and the \fresh wire" n um b ers are cum-

b ersome for in teractiv e use; for this reason, in the follo wing examples the

shortcut function ppn (short for Prett y Prin t Net w ork) will b e used:

? ppn (PRIM AND)

[

(w2, AND, (w0, w1))

]

w2 ~ (w0, w1)

F unction translate is de�ned b y cases. F or com binational gates, all cases

share a similar structure. F or instance, the de�nition for

_

^ is:
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translate :: (Ruby , Wire) -> (Network , Wire)

translate (PRIM AND, x) =

let rdom = PAIR (LEAF x) (LEAF (x+1))

ldom = LEAF (x+2)

node = (ldom, PRIM AND, rdom)

in ( ([node], ldom, rdom), x+3 )

The de�nition for pro duct is recursiv e; it is v ery simple, and the only p oin t

to note is that care m ust b e tak en to handle correctly the fresh wire n um b ers.

translate (PAR p0 p1, x) =

let ((l0, ld0, rd0), y) = translate (p0, x)

((l1, ld1, rd1), z) = translate (p1, y)

rdom = PAIR rd0 rd1

ldom = PAIR ld0 ld1

nodes = l0 ++ l1

in ( (nodes, ldom, rdom), z )

The de�nition for sequen tial comp osition is more in teresting, since the righ t

domain of the �rst net w ork and the left domain of the second net w ork m ust

b e uni�ed. The uni�cation algorithms that w e emplo y is rather simplistic,

since it fails whenev er t w o wiretrees di�er in shap e (unless one of the t w o is

Nil ). Uni�cation, when successful, returns an Eqnset, whic h is de�ned as a

list of pair of wires. This is in terpreted as a set of equations on wires.

unify :: Wiretree -> Wiretree -> Eqnset

unify t0 t1 = unify' t0 t1 empty_eqnset

where unify' Nil _ s = s

unify' _ Nil s = s

unify' (LEAF x0) (LEAF x1) s =

if x0 == x1 then s

else let t = (x0,x1):s

in unify' (apply t (LEAF x0)) (apply t (LEAF x1)) t

unify' (PAIR v0 v1) (PAIR w0 w1) s =

let t = unify' v0 w0 s

in unify' v1 w1 t

unify' x y _ = match_error x y

\Applying" an Eqnset e to a wiretree t means to substitute for ev ery wire w

o ccurring in t a canonical elemen t of the equiv alence class of w with resp ect

to e .

apply :: Eqnset -> Wiretree -> Wiretree

apply s = tree_map f

where f w = head (equiv_class w s)
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The unify pro cedure has the prop ert y that, when applied to a pair of non-

Nil wiretrees, it pro duces an Eqnset that when applied to either wiretrees

pro duces the same result.

Ha ving in tro duced uni�cation, the translation of sequen tial comp osition can

b e de�ned as:

translate (SEQ p0 p1, x) =

let ((l0, ld0, rd0), y) = translate (p0, x)

((l1, ld1, rd1), z) = translate (p1, y)

s = unify rd0 ld1

ldom = apply s ld0

rdom = apply s rd1

nodes = map (apply_node s) (l0 ++ l1)

in ( (nodes, ldom, rdom), z )

A p oin t to note is that this de�nition assumes unify alw a ys succeeds; failure

of uni�cation is rep orted via Gofer's exception rep orting mec hanism, function

error .

F or instance,

_

^

�

_

^ is not a w ell-formed program, b ecause the righ t domain

of

_

^ is a pair while the left domain is not:

? ppn (SEQ (PRIM AND) (PRIM AND))

[

(w

Program error: *** Wire structures incompatible: (w0, w1) and w5

(The partial output b efore the error message is due to Gofer's lazy ev aluation:

some of the output is a v ailable b efore the expression is fully ev aluated.)

Con v ersely , _:

�

_

^ can b e nicely translated to a net w ork:

? ppn (SEQ (PRIM NOT) (PRIM AND))

[

(w1, NOT, w4)

(w4, AND, (w2, w3))

]

w1 ~ (w2, w3)

Note ho w wire w4 is b oth on the righ t domain of the _: and on the left domain

of the

_

^ , thanks to uni�cation.

The CONST primitiv e is translated to a net w ork b y
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translate (PRIM (CONST n), x) =

let ldom = (LEAF x)

rdom = Nil

node = (ldom, CONST n, rdom)

in ( ([node], ldom, rdom), x+1 )

The p oin t to note here is that the righ t domain is Nil . This allo ws to connect

an y wire shap e to the righ t of a constan t comp onen t. The TOP primitiv e is

translated similarly:

translate (PRIM TOP, x) = ( ([(Nil, NOP, Nil)], Nil, Nil), x )

9.1.3 Syn tactic sugar

T yping Rub y programs in terms of the t yp e constructors SEQ and PAR is

tedious, and the result is hard to read. F or this reason some \syn tactic

sugar" ma y help:

x r s = PAR r s

o r s = SEQ r s

andg = PRIM AND

org = PRIM OR

notg = PRIM NOT

eqlg = PRIM EQL

delay = PRIM DELAY

width n = PRIM (TYPE (TRange n))

pair n m = PAIR (LEAF n) (LEAF m)

false = PRIM (CONST TFalse)

true = PRIM (CONST TTrue)

k n = PRIM (CONST (TInt n))

With these de�nitions, term R � S

�

T � U can b e written more naturally as

r `x` s `o` t `x` u .

9.1.4 Assigning t yp e information

F or a net w ork to b e implemen table in T angram, it is necessary to assign

a t yp e to all wires. Some no des alw a ys carry their o wn t yp e information;

for instance, an AND no de can only b e connected to b o olean wires. Other

primitiv es ha v e more 
exible t yp e constrain ts; notably the EQL primitiv e

where the output m ust b e b o olean, but the inputs could ha v e an y t yp e as
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long as b oth ha v e the same t yp e. T yp e assignation is then a matter of

propagating the constrain ts to all wires.

F unction type assign has t yp e

type_assign :: Network -> Map Wire TType

where t yp e Map is a mapping de�ned, for arbitrary t yp es a and b , b y

type Map a b = [(a,b)]

(that is, a mapping is represen ted b y a list of pairs). The de�nition of

type assign is then

type_assign net =

fixpoint (type_assign' net) empty_map

where type_assign' ([],_,_) map = map

type_assign' (node:rest,l,r) map =

type_assign' (rest,l,r) (type_assign_node node map)

Here fixpoint f x = lim

n !1

f

n

x . The auxiliary function type assign node

extends a map with the t yp e information pro vided b y a single no de; it is

de�ned b y cases o v er the primitiv es.

type_assign_node :: Node -> Map Wire TType -> Map Wire TType

type_assign_node node map =

case node of

(LEAF l, AND, PAIR (LEAF r0) (LEAF r1)) ->

extend_many [l,r0,r1] TBool map

(LEAF l, OR, PAIR (LEAF r0) (LEAF r1)) ->

extend_many [l,r0,r1] TBool map

(LEAF l, NOT, LEAF r) ->

extend_many [l,r] TBool map

(LEAF l, EQL, PAIR (LEAF r0) (LEAF r1)) ->

let map' = extend map (l, TBool)

in if defined r0 map'

then extend map' (r1,(value r0 map))

else if defined r1 map'

then extend map' (r0,(value r1 map))

else map'

(LEAF l, DELAY, LEAF r) ->

if defined l map

then extend map (r, (value l map))

else if defined r map



9.1. The compiler in detail 137

then extend map (l, (value r map))

else map

(_, NOP, _) -> map

(_, TOP, _) -> map

(LEAF l, CONST TFalse, Nil) -> extend map (l, TBool)

(LEAF l, CONST TTrue, Nil) -> extend map (l, TBool)

(LEAF l, CONST _, Nil) -> map

(LEAF l, TYPE t, LEAF r) -> extend_many [l,r] t map

F unctions extend and extend many are used to up date a map. They do not

allo w rede�nition of a v alue, i.e. a map can only b e extended in a p oin t

where it is not de�ned, unless the extension lea v es the map unc hanged. The

error message is o v er-sp eci�c; w e are relying on the fact that extend is only

used in the con text of assigning t yp e constrain ts to wires in a net w ork.

extend :: (Eq a, Eq b) => Map a b -> (a,b) -> Map a b

extend m (a,b) =

if not (defined a m)

then (a,b):m

else if value a m == b then m

else error "Type constraints incompatible"

The error message w ould b e generated, for instance, when trying to compile

eqlg `o` (width 1) `x` (width 2) . F unction extend many is a shortcut:

it extends a map m with the pair (x,b) for all x in the giv en list.

extend_many :: (Eq a, Eq b) => [a] -> b -> Map a b -> Map a b

extend_many [] b m = m

extend_many (a:as) b m = extend_many as b (m `extend` (a,b))

9.1.5 Co de generation

The T angram programs w e generate are all instances of the follo wing sc hema:

( O & I ).

begin

D

| forever do

IO

; L := begin V | R end

od

end
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where I and O are lists of input and output c hannel declarations, resp ectiv ely;

D is a list of v ariable declarations; IO is a parallel comp osition of comm unic-

ation statemen ts; L is a tuple of v ariables, V is a list of v alue declarations,

and R is a tuple of v alue names.

An instance of this sc hema is represen ted in a compact w a y b y a sixtuple

( i; o; l ; a; n; t ), where i is a list of input wires, o is a list of output wires, l is a

list of wires that ha v e a corresp onding T angram v ariable, a is a list of pair of

wires that is used to generate the tuples L and R ab o v e, n is a list of no des,

and t is a map that assigns a t yp e to eac h wire. Suc h tuples are represen ted

in Gofer b y the t yp e TangramP :

type TangramP =

([Wire], [Wire], [Wire], [(Wire, Wire)], [Node], Map Wire TType)

F unction net2tangram has t yp e

net2tangram :: Network -> Map Wire TType -> TangramP

and is de�ned b y

net2tangram net types =

let (nodes, ldom, rdom) = net

in_wires = inputs net

out_wires = outputs net

dels = sort (filter is_delay_node nodes)

del_outs = map (\(LEAF w, _, _) -> w) dels

var_wires = sort (del_outs ++ in_wires)

val_nodes = sort (nodes \\ dels)

assign = map (\(LEAF wl, _, LEAF wr) -> (wl, wr)) dels

in (in_wires, out_wires, var_wires, assign, val_nodes, types)

Finally , function tgskel transforms a T angramP sixtuple in to a full T angram

program:

tgskel :: TangramP -> String

tgskel tp =

(write_header tp) ++ "."

++ "\nbegin"

++ "\n " ++ (write_vardecls tp)

++ "\n|"

++ "\n forever do"

++ "\n " ++ (write_iocmds tp)



9.1. The compiler in detail 139

++ "\n ; " ++ (write_lhs tp)

++ "\n := begin "

++ "\n " ++ (write_valdefs tp)

++ "\n | " ++ (write_rhs tp)

++ "\n end"

++ "\n od"

++ "\nend"

In the ab o v e de�nition a n um b er of auxiliary functions are used to generate

the concrete syn tax for certain T angram syn tactic categories. Here is the

function that pro duces the external declaration part:

write_header :: TangramP -> String

write_header (inputs, outputs, _,_,_, types) =

let in_decls = map (\x -> input_decl x (value x types)) inputs

out_decls = map (\x -> output_decl x (value x types)) outputs

input_decl w typ = chan_name w ++ "?" ++ show typ

output_decl w typ = chan_name w ++ "!" ++ show typ

in

"(" ++ (cat_with " & " (out_decls ++ in_decls)) ++ ")"

The follo wing pro duces the list of v ariable declarations:

write_vardecls :: TangramP -> String

write_vardecls (_, _, local_vars, _, _, types) =

let var_decls = map (\x -> var_decl x (value x types)) local_vars

in (cat_with "\n & " var_decls)

This function returns the parallel comp osition of the comm unication com-

mands:

write_iocmds :: TangramP -> String

write_iocmds (inputs, outputs, local_vars, _, _, _) =

let in_cmds = map f inputs

out_cmds = map g outputs

f x = chan_name x ++ "?" ++ var_name x

g x = if x `notElem` local_vars

then error "*** Output wires must be driven by delays"

else chan_name x ++ "!" ++ var_name x

in (cat_with " || " (out_cmds ++ in_cmds))

The follo wing functions pro duce the strings that tak e the roles of V , L and

R in the ab o v e T angram program sc hema, resp ectiv ely .
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write_valdefs :: TangramP -> String

write_valdefs (inputs, _, local_vars, _, nodes, _) =

cat_with "\n & " (map (val_def local_vars) nodes)

write_lhs :: TangramP -> String

write_lhs (_, _, _, assign, _, _) =

let left_vals = map fst assign

in "<<" ++ (cat_with "," (map var_name left_vals)) ++ ">>"

write_rhs :: TangramP -> String

write_rhs (_, _, local_vars, assign, _, _) =

let right_vals = map snd assign

f x = if x `elem` local_vars

then var_name x

else wire_name x

in "<<" ++ (cat_with "," (map f right_vals)) ++ ">>"

This concludes the exp osition of the program co de of the Rub y to T angram

compiler.

9.2 Regular language recognizers

9.2.0 The � design

Before w e can compile the recognizers in T angram, w e need a small library

of standard Rub y comp onen ts:

rid = WIRING (LEAF 0, LEAF 0)

rid2 = WIRING (pair 0 1, pair 0 1)

swap = WIRING (pair 0 1, pair 1 0)

fork = WIRING (pair 0 0, LEAF 0)

fork2 = WIRING (PAIR (pair 0 1) (pair 0 1), pair 0 1)

rsh = WIRING (PAIR (LEAF 0) (pair 1 2), PAIR (pair 0 1) (LEAF 2))

lsh = INV rsh

rsh2 = WIRING ( PAIR (pair 0 1) (pair 2 3)

, PAIR (PAIR (pair 0 1) (LEAF 2)) (LEAF 3) )

lsh2 = INV rsh2

outl = WIRING (LEAF 0, pair 0 1)

outr = WIRING (LEAF 1, pair 0 1)

split r s = r `x` s `o` fork
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split2 r s = r `x` s `o` fork2

feedback r = (INV fork) `o` (r `x` rid) `o` rrr

where rrr = WIRING (PAIR (pair 1 2) (LEAF 2), LEAF 1)

feedback2 r = (INV fork) `o` (r `x` rid) `o` rrr2

where rrr2 = WIRING (PAIR (PAIR (pair 0 1) (LEAF 2)) (LEAF 2), pair 0 1)

Because of the simple uni�cation algorithm that w e emplo y , w e cannot con-

nect a single wire to a pair of wires. In other w ords, our rid primitiv e

corresp onds to � � rather than � . This means that w e m ust de�ne di�eren t

v ersions of v arious wiring primitiv es: for instance, rid2 corresp onds to � � � � � .

The t yp e of regular expression is de�ned this w a y:

data E = Char Char | Choice E E | Seq E E | Star E

W e de�ne a function to enco de upp ercase c haracters in to in tegers:

char_encode :: Char -> Int

char_encode c = if isUpper c

then ord c - (ord 'A')

else error

"char_encode is only defined on uppercase characters"

The follo wing de�nes eqlc t to b e the corresp onden t of (

_

= t ):

eqlc :: Char -> Ruby

eqlc c = eqlg `o` rid `x` (k (char_encode c)) `o` (INV outl) `o` (width 5)

Note that this de�nition includes a t yp e constrain t ( width ). No w the de�ni-

tion of � is straigh tforw ard:

reorg = WIRING (PAIR (LEAF 1) (pair 0 2), PAIR (pair 0 1) (LEAF 2))

tau :: E -> Ruby

tau (Char t) = delay

`o` andg

`o` (eqlc t) `x` rid

tau (Choice e f) = org `o` ((tau e) `split2` (tau f))

tau (Seq e f) = tau f `o` (outl `split2` (tau e))

tau (Star e) = feedback2 (org `o` rid `x` (tau e) `o` reorg)
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? r2t (tau (Seq (Char 'T') (Char 'T')))

(c1!bool & c5?[0..31] & c19?bool).

begin

v1: var bool

& v3: var bool

& v5: var [0..31]

& v19: var bool

|

forever do

c1!v1 || c5?v5 || c19?v19

; <<v1,v3>>

:= begin

w0 = val w2 * v3

& w2 = val v5 = w6

& w6 = val 19

& w20 = val w22 * v19

& w22 = val v5 = w26

& w26 = val 19

| <<w0,w20>>

end

od

end

Figure 9:1 : The recognizer for � : ( t ; t ).

W e can no w test an example: w e compile the recognizer for � : ( t ; t ); see

�gure 9.2.0 W e compile the T angram program with the T angram compiler

tg2hc , and then sim ulate it with hcsim . The output is as follo ws:

% hcsim tau0 out in_a in_e

HC2HC V1.0.3

Copyright 1997 Philips Electronics N.V.

All rights reserved

HCSIM V1.0.3

Copyright 1997 Philips Electronics N.V.
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All rights reserved

Reading handshake circuit.

Starting simulation.

End of input file in_e

End of input file in_a

Simulation finished.

Simulation took 0.00 seconds CPU time.

Simulated 983 communication events.

Simulation speed: Inf events per second.

Total time: 198 ns

Total energy: 2.211 nJ

Average power: 11.131 mW

The command that starts the sim ulation is the one after the % prompt. The

argumen ts are the name of the T angram program, follo w ed b y a �lename for

eac h of the program's c hannels. The con ten ts of the �les out , in_a and in_e

for this sim ulation are collated together in the follo wing table:

% paste out in_a in_e

0 19 0

0 19 1

0 19 0

1 19 0

0 19 1

0 20 0

0 19 0

0

(Here paste is the Unix command that adjoins a n um b er of �les line b y

line.) The output corresp onds to what w e exp ect. Compared with the table

on page 112 obtained from Hutton's Rub y in terpreter there is an extra line

(the last one). The T angram sim ulator p erforms an extra output action,

since the T angram program is ready to p erform it. Then it stops, since the

input actions cannot b e p erformed, ha ving exhausted the input.

9.2.1 The � design

A few auxiliary de�nitions that w e need are:
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plumb = WIRING ( PAIR (pair 1 2) (pair 1 3)

, PAIR (pair 1 2) (LEAF 3) )

str :: Ruby -> Ruby

str r = let ll = WIRING ( LEAF 0

, PAIR (pair 1 2) (PAIR (pair 1 2) (LEAF 0)) )

rr = WIRING ( PAIR (pair 1 2) (LEAF 3)

, (pair 1 2) )

in ll `o` (rid2 `x` r) `o` rr

term2 = fork2 `o` (PRIM TOP)

The only place where w e need the TOP primitiv e is in the de�nition of term2 ,

ab o v e. The de�nitions of � and � are then:

rho :: E -> Ruby

rho (Seq e (Seq f g)) = rho (Seq (Seq e f) g)

rho (Seq e f) = (ups f) `o` plumb `o` (rho e)

rho e = (ups e) `o` term2

ups (Choice e f) = rid2 `x` ( org

`o` (split2 (str (rho e))

(str (rho f)) ))

ups (Star e) =

rid2 `x` (feedback2 ( org

`o` (rid `x` (str (rho e)))

`o` reorg))

ups (Char t) =

(INV (delay `x` delay))

`x` (delay `o` andg `o` ((eqlc t) `x` rid))

This de�nition is v ery close to the one w e used for the Hutton in terpreter, ex-

cept for minor syn tactic di�erences. Again w e ma y try an example: w e de�ne

test0 to b e the Gofer represen tation of the regular expression ( t ; u ; v ) + ( z ; z )

test0 = Choice (Seq (Seq (Char 'T') (Char 'U')) (Char 'V'))

(Seq (Char 'Z') (Char 'Z'))

the compiled T angram program is in �gure 9:2 on the next page. Note that

w e cannot compile rho test0 directly , since this w ould lead to a T angram

program whose output is not driv en b y a dela y (the main regular expres-

sion op erator is c hoice, hence the output is driv en b y an \or" gate. So w e

ha v e to compile (rid2 `x` delay `o` (rho test0) instead. The result of

sim ulating this circuit with the inputs used on page 118 is as follo ws:
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(c5!bool & c0?[0..31] & c1?bool).

begin

v0: var [0..31]

& v1: var bool

& v5: var bool

& v10: var bool

& v11: var bool

& v24: var [0..31]

& v26: var bool

& v30: var bool

& v52: var [0..31]

& v54: var bool

& v58: var bool

& v80: var [0..31]

& v82: var bool

& v122: var [0..31]

& v124: var bool

& v128: var bool

& v150: var [0..31]

& v152: var bool

|

forever do

c5!v5 || c0?v0 || c1?v1

; <<v5,v10,v11,v2 4,v 26 ,v 30, v5 2,v 54 ,v 58, v8 0,v 82 ,v1 22 ,v 124 ,v 128 ,v 15 0,v 15 2>>

:= begin

w4 = val v10 + v11

& w27 = val w29 * v30

& w29 = val v24 = w33

& w33 = val 21

& w55 = val w57 * v58

& w57 = val v52 = w61

& w61 = val 20

& w83 = val w85 * v82

& w85 = val v80 = w89

& w89 = val 19

& w125 = val w127 * v128

& w127 = val v122 = w131

& w131 = val 25

& w153 = val w155 * v152

& w155 = val v150 = w159

& w159 = val 25

| <<w4,w27,w125,v0, v1, w5 5,v 24 ,v 26, w8 3,v 52 ,v5 4, v0 ,v1 ,w 153 ,v 12 2,v 12 4>>

end

od

end

Figure 9:2 : The T angram program for rid2 `x` delay `o` (rho test0)



146 Chapter 9. A T angram implemen tation

% paste out in_a in_e

0 25 1

0 19 1

0 25 0

0 20 0

0 0 0

1 21 0

0 0 0

0 0 0

1

The results corresp ond to the ones on page 118, except that the outputs

app ear one clo c k tic k later due to the extra dela y w e placed on the output

wire.

9.2.2 The � design

W e start again with a few auxiliary de�nitions:

delays 0 = rid

delays n = delay `o` (delays (n-1))

busdelays n = (delays n) `x` (delays n)

The follo wing de�nitions are en tirely similar to the one in section 8.4 on

page 118. The \shap e" of a � cell:

ccn n r = (rid2 `x` org)

`o` rsh2

`o` ((split2 (busdelays n) r) `x` rid)

cc r = ccn 0 r

The left-in v erse of cc :

ccli r = let outr2 = WIRING (LEAF 2 , PAIR (pair 0 1) (LEAF 2) )

outl2 = WIRING ((pair 0 1) , PAIR (pair 0 1) (LEAF 2) )

in outr2

`o` r

`o` rid2 `x` false

`o` (INV outl2)
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The � cell:

kappa (Char t) = cc (tau (Char t))

kappa (Choice e f) = (kappa e) `o` (kappa f)

kappa (Seq e f) =

cc ( (ccli (kappa f))

`o` (split2 outl

(ccli (kappa f)) ))

kappa (Star e) =

cc (feedback2 ( org

`o` (rid `x` (ccli (kappa e)))

`o` reorg))

Finally , the de�nitions of ` and � :

ell (Char t) = 0

ell (Choice e f) = ell e + (ell f) + 1

ell (Seq e f) = ell e + (ell f)

ell (Star e) = 0

eta (Char t) = kappa (Char t)

eta (Choice e f) = eta e

`o` ((delay `x` delay) `x` delay)

`o` (eta f)

eta (Seq e f) =

let n = ell e

m = ell f

in ccn (n+m) ( (ccli (kappa f))

`o` (split2 ((delays n) `o` outl)

(ccli (kappa e)) ))

eta (Star e) = kappa (Star e)

Let's no w de�ne the regular expression t + u ; u + v ; v ; v :

test1 = Choice (Char 'T')

(Choice (Seq (Char 'U') (Char 'U'))

(Seq (Seq (Char 'V') (Char 'V')) (Char 'V')) )

The output of compiling delay `o` (ccli (eta test1)) can b e seen in

�gure 9:3 on the next page.
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(c1!bool & c210?[0..31] & c212?bool).

begin

v1: var bool

& v3: var [0..31]

& v4: var bool

& v10: var bool

& v11: var bool

& v50: var [0..31]

& v52: var bool

& v61: var bool

& v83: var bool

& v146: var bool

& v210: var [0..31]

& v212: var bool

& v243: var bool

& v329: var bool

& v390: var bool

|

forever do

c1!v1 || c210?v210 || c212?v212

; <<v1,v3,v4,v1 0,v 11 ,v 50 ,v 52 ,v6 1, v8 3, v1 46 ,v 243 ,v 32 9, v3 90 >>

:= begin

w0 = val v10 + v11

& w25 = val w27 * v4

& w27 = val v3 = w31

& w31 = val 19

& w54 = val w60 + v61

& w60 = val v83 + w84

& w77 = val v146 + w147

& w84 = val false

& w98 = val w100 * w77

& w100 = val v50 = w104

& w104 = val 20

& w147 = val false

& w161 = val w163 * v52

& w163 = val v50 = w167

& w167 = val 20

& w214 = val w220 + w221

& w220 = val v243 + w244

& w221 = val false

& w237 = val w306 + w307

& w244 = val false

& w258 = val w260 * w237

& w260 = val v210 = w264

& w264 = val 21

& w306 = val v329 + w330

& w307 = val false

& w323 = val v390 + w391

& w330 = val false

& w344 = val w346 * w323

& w346 = val v210 = w350

& w350 = val 21

& w391 = val false

& w405 = val w407 * v212

& w407 = val v210 = w411

& w411 = val 21

| <<w0,v50,v52,w2 5, w5 4, v21 0, v2 12 ,w 21 4, w98 ,w 16 1, w2 58 ,w3 44 ,w 40 5> >

end

od

end

Figure 9:3 : The T angram program for delay `o` (ccli (eta test1))
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A mac hine-c hec k ed deriv ation

In this section w e use a pro of c hec k er called PVS (Rush b y et al. [40]) to v erify

part of the carr � e deriv ation. This en tails the de�nition and v eri�cation of

part of the theory of c hapters 2 and 3, as w ell as the in tro ductory material

of section 4. The w ork consists in rewriting the relev an t de�nitions and

theorems in the language of PVS, and in leading the theorem pro v er to

v erify all theorems. The resulting b o dy of equalit y lemmas can b e used as a

calculus that allo ws us to repro duce the pro of of ( 5:1 ).

The w ork describ ed in this c hapter is not a rep ort on a complete and practic-

ally usable em b edding of Rub y in PVS, but rather a demonstration that suc h

an em b edding is feasible and useful. Rasm ussen [44] describ es a m uc h more

in-depth w ork, using the Isab elle theorem pro v er (P aulson [42]). The presen t

exp osition ma y b e useful for didactic purp oses, since it is small enough to b e

quic kly understo o d.

PVS is a system designed to assist in the job of formally v erifying theorems.

Its main parts are a sp eci�cation language, a t yp e-c hec k er and a theorem

pro v er. The sp eci�cation language is based on a higher order logic, similar

to the one used b y HOL (Gordon [10]). The main di�erence with resp ect to

HOL is that it is p ossible to de�ne arbitrary subt yp es, b y restricting a t yp e

with a predicate. F or instance, the set of non-zero in tegers is de�ned in PVS

b y

NZI: TYPE = { x:int | x /= 0 }

It is then p ossible to declare in teger division as a total function:

div: [int,NZI -> int]

149



150 Chapter 10. A mac hine-c hec k ed deriv ation

This 
exibilit y mak es t yp e-c hec king undecidable, since to t yp e-c hec k a for-

m ula ma y in v olv e arbitrary theorem pro ving. In this resp ect the high auto-

mation of the theorem pro v er is helpful, since man y t yp e-c hec king conditions

can b e disc harged b y the theorem pro v er without h uman assistance.

The theorem pro v er mak es use of decision pro cedures to allo w man y simple

facts ab out arithmetic to b e automatically disc harged. PVS comes with a

n um b er of theories and theorems pre-pro v ed, the so-called \prelude". It is

p ossible to de�ne tree-lik e datat yp es of the kind pro vided in Gofer or ML;

for eac h suc h datat yp e a n um b er of axioms is generated, suc h as rules for

structural induction.

The general philosoph y of PVS is to allo w the maxim um ease of use at the

exp ense of 
exibilit y (theorem pro ving systems are w ell-kno wn to b e a wkw ard

to use). By con trast, systems lik e HOL are somewhat harder to use, but allo w

greater scop e for customization. Both HOL and PVS ha v e their o wn logic

language; but HOL has a programmable meta-language called ML (this is in

fact a v arian t of the general-purp ose ML programming language describ ed

e.g., in [43]). T erms in the logic language are just elemen ts of the ML t yp e

\term"; in teraction with the theorem pro v er happ ens through in teraction

with the ML in terpreter prompt. This is analogous to the use of Lazy ML to

in teract with the Rub y in terpreter [23] or the use of Gofer to in teract with

the Rub y-to-T angram compiler of c hapter 9.

Ha ving a programming language as a meta-language mak es it m uc h more

natural to automate v arious things suc h as pro of pro cedures, or the parsing

and prett y-prin ting of em b edded languages. The do wnside is that it mak es

the syn tax more cluttered; for instance, the de�nition of an \and" gate ma y

lo ok lik e the follo wing:

let AND_DEF = new_definition

(`AND_DEF`, "AND_DEF(a:num->bool,b:num ->b ool, out: num ->bo ol)

= !t. out t = ((a t) AND (b t))");;

As is eviden t b y this example, one is forced to mix the logic language and

the meta-language at all times.

PVS instead lac ks a meta-language. This mak es it m uc h more di�cult to

em b ed custom languages in the PVS language; for instance, it is di�cult

to write a term represen ting an imp erativ e program using a syn tax that

resem bles the traditional Algol syn tax. On the other hand, one do es not ha v e

to learn and use t w o languages at the same time. All in teraction with PVS

is done through the Emacs editor windo w; commands to the theorem pro v er

are giv en b y means of commands de�ned in Emacs. This mak es in teraction
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simpler. Pro of pro cedures can still b e co ded when needed (they are called

\strategies" in PVS jargon.) W e'll see an example of a custom PVS strategy

later.

The main reason for doing this w ork is to get a c hance to lo ok at the theory

with fresh ey es. W orking within the limitations of a �xed sp eci�cation lan-

guage forces one to think ab out the de�nitions under a di�eren t ligh t. F or

instance, compare the de�nition of dela y from c hapter 2 with the one giv en

b elo w. A second adv an tage is that small details that ma y b e o v erlo ok ed in

pap er-and-p encil w ork come to the forefron t. F or instance, b efore starting

this w ork w e didn't realize that the \lifting" op eration describ ed in c hapter 3

is actually a collection of op erations, one for eac h arit y of the op eration to

b e lifted.

10.0 The theories

Our v eri�cation e�ort is structured in a n um b er of \theories", a theory b eing

simply a collection of de�nitions and theorems (the PVS equiv alen t of pro-

gramming languages \mo dules"). Theories can b e parameterized, so that one

can, for instance, build a theory of relations o v er arbitrary t yp es. Theories

can \imp ort" other theories; this means that all the de�nitions and theorems

of the imp orted theory are made a v ailable to the theory that imp orts them.

Theories are a means of k eeping one's w ork organized; it w ould b e p ossible

to w ork with a single, large theory . Our w ork is divided in to six theories;

six other theories w ere automatically generated (those whose name b egins

with tree_adt or plus_adt ), and one, sets , is from the PVS prelude. The

diagram in �gure 10:0 on page 180 sho ws the inclusion relation b et w een the

theories. The main theorem w e aim to pro v e is en unciated in theory carre .

All the theorems and lemmas en unciated in the theories that follo w w ere

pro v ed with PVS.

In the rest of this section w e examine the con ten ts of eac h theory .

10.0.0 The theory of relations

The �rst step is to de�ne a theory of relations; this is done in theory rel ,

whic h in turn is based on the PVS prelude theory sets . Sets are represen ted

in PVS b y predicates. Binary relations are just a sp ecial case of predicates. In

this w e follo w closely the exp osition of relational calculus giv en in c hapter 2.
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The main notational di�erence is that w e are forced to write R(x,y) , where

w e previously wrote x h R i y . The theory is parameterized b y a t yp e t , and

our relations are relations b et w een arbitrary pairings of elemen ts of t . The

notion of \arbitrary pairing" is captured b y binary trees. The de�nition of

the tree datat yp e is as follo ws:

tree[t:TYPE+] : DATATYPE

BEGIN

scalar (scalar: t): scalar?

pair (left: tree, right: tree): pair?

END tree

F or an y t yp e X , this de�nes tree[X] to b e a t yp e, with the unary con-

structor scalar and the binary constructor pair , with corresp onding pre-

dicates scalar? and pair? and accessor functions scalar , left and right .

Theory tree_props de�nes simple lemmas ab out trees that w e needn't de-

scrib e in detail.

The theory starts with the declaration of the parameters, and of the imp orted

theories. W e declare U (for \Univ erse") an abbreviation for the set of trees

of elemen ts of t . Theory set is imp orted with argumen t [U,U] , whic h is the

cartesian pro duct of U with itself. This means that whenev er w e refer to an

elemen t of the t yp e set , w e mean \a subset of [U,U] ". T yp e rel is declared

as a synon ym for set .

rel [ t : TYPE+ ] : THEORY

BEGIN

IMPORTING tree[t]

U: TYPE = tree

IMPORTING sets[[U,U]]

rel: TYPE = set

Next w e declare some v ariables; these declarations mean, for instance: \ R is

a v ariable ranging o v er rel ", and allo w us to use the name R freely without

need to declare its t yp e in ev ery form ula it o ccurs.

R,S,T,U: VAR rel

x,y,z,v: VAR U

f: VAR [U -> U]

Next w e declare o as the op erator sym b ol for relational comp osition, so that

w e can write R o S for R

�

S .

; o(R,S)(x,y): bool = EXISTS z: R(x,z) AND S(z,y)
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The de�nition of in v erse, iden tit y , > > and ? ? are natural:

inv(R)(x,y): bool = R(y,x)

I(x,y) : bool = (x = y)

top(x,y) : bool = TRUE

bot(x,y) : bool = FALSE

W e de�ne a predicate that states that a relation is deterministic:

determ?(R) : bool = FORALL x,y,z: R(y,x) AND R(z,x) IMPLIES y = z

No w a n um b er of basic facts is en unciated ab out the de�nitions so far:

id0: THEOREM R o I = R

id1: THEOREM I o R = R

comp0: THEOREM R o union(S,T) = union(R o S , R o T)

comp1: THEOREM union(R,S) o T = union(R o T , S o T)

comp_assoc: THEOREM (R o S) o T = R o (S o T)

comp_determ: THEOREM (determ?(R) AND determ?(S)) IMPLIES determ?(R o S)

det_rel_absorb_r: LEMMA (FORALL x,y: R(x,y) = (x=f(y)))

IMPLIES (S o R)(z,v) = S(z,f(v))

det_rel_absorb_l: LEMMA (FORALL x,y: R(x,y) = (y=f(x)))

IMPLIES (R o S)(z,v) = S(f(z),v)

inv_inv: THEOREM inv(inv(R)) = R

inv_comp: THEOREM inv(R o S) = inv(S) o inv(R)

inv_id: THEOREM inv(I) = I

inv_eq: THEOREM (inv(R) = inv(S)) = (R = S)

inv_inter: THEOREM inv(intersection(R,S)) = intersection(inv(R), inv(S))

inv_union: THEOREM inv(union(R,S)) = union(inv(R), inv(S))

No w w e de�ne pro duct and split. F or pro duct w e c ho ose the sym b ol * since

it is the closest to � among the ones that can b e used in in�x notation. F or

split, w e use functional notation.

; *(R,S)(x,y): bool =

IF pair?(x) AND pair?(y)

THEN R(left(x),left(y)) AND S(right(x),right(y))
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ELSE FALSE ENDIF

split(R,S)(x,y): bool =

IF pair?(x) THEN R(left(x), y) AND S(right(x), y)

ELSE FALSE ENDIF

Again, w e ha v e the en unciation of a n um b er of basic facts:

inv_prod: THEOREM inv(R*S) = inv(R)*inv(S)

fusion: THEOREM (R o S) * (T o U) = (R * T) o (S * U)

split_fusion0: THEOREM (R * S) o split(T, U) = split(R o T, S o U)

split_fusion1: THEOREM

determ?(T) IMPLIES split(R, S) o T = split(R o T, S o T)

split_ldomain: THEOREM split(R,S) = (I*I) o split(R,S)

split_determ: THEOREM

determ?(R) AND determ?(S) IMPLIES determ?(split(R,S))

END rel

This concludes the theory of relations.

10.0.1 The theory of circuits

Theory circuits is mainly concerned with dela y and its prop erties. It also

de�nes the lifting op eration for unary and binary functions. It de�nes t yp e

stream to b e the t yp e of functions from the in tegers to the theory parameter

t . By imp orting theory rel with parameter stream w e obtain that our

circuits are relations o v er trees of streams. (The t parameter in theory rel

is b ound to t yp e stream .)

circuits [ t: TYPE+ ] : THEORY

BEGIN

stream: TYPE = [int -> t]

IMPORTING rel[stream]

IMPORTING tree_props[stream]

R,S,T,U: VAR rel

x,y,z,w: VAR tree[stream]

l,m,n: VAR int
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The follo wing predicates c haracterize particular classes of trees. Theorem

pair of pairs eta facilitates manipulation of pair-of-pairs.

pair_of_scalars?(x): bool =

pair?(x) AND scalar?(left(x)) AND scalar?(right(x))

pair_of_pairs?(x): bool =

pair?(x) AND pair?(left(x)) AND pair?(right(x))

pair_of_pairs_eta: THEOREM

(FORALL (x: (pair_of_pairs?)):

pair(

pair(left(left(x)), right(left(x)))

, pair(left(right(x)), right(right(x))) )

= x)

While w e talk ed in previous c hapters of lifting as a single op eration, to b e

more precise w e should de�ne a di�eren t lifting op eration for eac h arit y of the

lifted relation. F or our needs it su�ces to de�ne lifting for binary determin-

istic relations; lifting of unary functions is also giv en for demonstration.

lift1(f: [t -> t])(x,y): bool =

IF scalar?(x) AND scalar?(y)

THEN FORALL n: scalar(x)(n) = f(scalar(y)(n))

ELSE FALSE ENDIF

lift2(f: [t,t -> t])(x,y): bool =

IF pair_of_scalars?(y) AND scalar?(x)

THEN FORALL n: scalar(x)(n) = f(scalar(left(y))(n), scalar(right(y))(n) )

ELSE FALSE ENDIF

Dela y and an tidela y are deterministic relations; it helps to de�ne them in suc h

a w a y that the functional dep endence b et w een the left and righ t argumen ts

is easily sho wn. So, w e �rst de�ne a function that when applied to a tree

of streams it applies primitiv e dela y to all the lea v es of the tree; then w e

use these functions in the de�nition of dela y as a relation. As w e said, the

de�nition of dela y giv en here is syn tactically m uc h di�eren t from the one

giv en in c hapter 3, making use of tree map rather than �xed p oin ts. The

tree map can b e de�ned recursiv ely , in a w a y that is probably more readily

understandable b y p eople with a kno wledge of computer programming than

a de�nition using �xed p oin ts. On the other hand, the meaning of recursiv e

de�nitions is usually giv en b y means of �xed p oin t, so the di�erence b et w een

the t w o w a ys of de�ning dela y is not great. Basic theorems ab out dela ys

follo w.
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delayed: [U -> U] = map (LAMBDA (f:stream): LAMBDA n: f(n-1))

antidelayed: [U -> U] = map (LAMBDA (f:stream): LAMBDA n: f(n+1))

delay(x,y): bool = (x = delayed(y))

yaled(x,y): bool = (y = delayed(x))

del_antidel_inverse: THEOREM delayed(antidelayed(x)) = x

antidel_del_inverse: THEOREM antidelayed(delayed(x)) = x

delay_invertible: THEOREM delay(x,y) = (y = antidelayed(x))

yaled_invertible: THEOREM yaled(x,y) = (x = antidelayed(y))

inv_delay: THEOREM inv(delay) = yaled

inv_yaled: THEOREM inv(yaled) = delay

delay_poly0: THEOREM delay o (I*I) = delay*delay

delay_poly1: THEOREM (I*I) o delay = delay*delay

delay_yaled: THEOREM delay o yaled = I

yaled_delay: THEOREM yaled o delay = I

delay_determ: THEOREM determ?(delay)

Finally , w e ha v e some theorems ab out lifted functions:

lift2_rdom: THEOREM FORALL (f: [t,t -> t]): lift2(f) o (I*I) = lift2(f)

lift2_determ: THEOREM FORALL (f: [t,t -> t]): determ?(lift2(f))

lift2_delayed: LEMMA FORALL (f: [t,t -> t]):

lift2(f)(x,pair(delayed(y) ,de laye d(z) )) = lift2(f)(antidelayed(x), pai r(y, z))

retiming_lift2: THEOREM FORALL (f: [t,t -> t]):

lift2(f) o delay = delay o lift2(f)

END circuits

So m uc h for the theory of circuits.

10.0.2 The theory of tuples

Theory tuples repro duces part of the material from section 4. It de�nes a

w a y to in terpret trees as tuples. T yp e upfrom(1) used b elo w is the t yp e of

p ositiv e in tegers.
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tuples [t: TYPE+] : THEORY

BEGIN

IMPORTING circuits[t]

n,m: VAR upfrom(1)

R,S,T,U: VAR rel

a,b,c,d: VAR U

The max width of a tree is the maxim um tuple width of a tree; i.e., the

n um b er of times w e can tak e the \righ t" path from the ro ot of the tree.

max_width(a): RECURSIVE upfrom(1) =

IF scalar?(a) THEN 1

ELSE 1+max_width(right(a)) ENDIF

MEASURE a BY <<

The follo wing predicates c haracterise certain classes of trees; a tree that

satis�es n tuple?(n) can b e in terpreted as a tuple of (at least) n elemen ts.

n_tuple?(n)(a): bool = n <= max_width(a)

n_tuple_of_scalars?(n)(a): RECURSIVE bool =

IF n = 1

THEN scalar?(a)

ELSE pair?(a)

AND scalar?(left(a))

AND n_tuple_of_scalars?(n-1)(r ight (a) ) ENDIF

MEASURE n

Next are the de�nitions of v arious com binators, all of whic h closely follo w

the ones in section 4.

map(n,R): RECURSIVE rel =

IF n = 1 THEN R ELSE R * map(n-1, R) ENDIF

MEASURE n

arity(n): rel = map(n, I)

fold(n, R): RECURSIVE rel =

IF n = 1 THEN I ELSE R o (I * fold(n-1, R)) ENDIF

MEASURE n

fork(n): RECURSIVE rel =
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IF n = 1 THEN I ELSE split(I, fork(n-1)) ENDIF

MEASURE n

tri(n,R): RECURSIVE rel =

IF n = 1 THEN I ELSE I * (tri(n-1, R) o map(n-1, R)) ENDIF

MEASURE n

The lab el CHALLENGE is formally equiv alen t to THEOREM ; it can b e used to

lab el things that can b e used to \c hallenge" a de�nition; when a de�nition

is complicated it ma y tak e some care to b ecome con vinced that what w as

de�ned is indeed what one had in mind. One w a y to \test" a de�nition is

to see if some simple exp ected consequences are indeed pro v able. Here are a

few suc h c hallenges.

map: CHALLENGE map(2,R) = R*R

fold: CHALLENGE R o (I*I) = R IMPLIES fold(2, R) = R

fork: CHALLENGE fork(2) = split(I,I)

tri: CHALLENGE tri(2,R) = I * R

Then w e ha v e a list of theorems; all of these w ere pro v ed b y induction on n .

map_step: THEOREM map(n+1, R) = R*map(n,R)

tri_step: THEOREM tri(n+1, R) = I*(tri(n,R) o map(n,R))

map_fusion: THEOREM map(n, R) o map(n, S) = map(n, R o S)

fold_map: THEOREM R o (S*S) = S o R

IMPLIES fold(n, R) o map(n, S) = S o fold(n, R)

fork_fusion1: THEOREM determ?(R)

IMPLIES fork(n) o R = map(n,R) o fork(n)

fork_ldom: THEOREM map(n, I) o fork(n) = fork(n)

map_map: THEOREM T o S = S o R

IMPLIES map(n,T) o map(n,S) = map(n,S) o map(n,R)

tri_map: THEOREM T o S = S o R

IMPLIES tri(n,T) o map(n,S) = map(n,S) o tri(n,R)

horner: THEOREM R o (S*S) = S o R

IMPLIES fold(n, R) o tri(n, S) = fold(n, R o (I*S))

END tuples

This concludes the theory of tuples.
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10.0.3 The theory of zip

n

The de�nitions and pro ofs for zip

n

are complicated enough to deserv e a

theory of their o wn. The theory b egins with the usual declarations, and then

de�nes predicates that are later used as subt yp es of trees.

zip [t: TYPE+] : THEORY

BEGIN

IMPORTING tuples[t]

n,m: VAR upfrom(1)

R,S,T,U: VAR rel

a,b,c,d: VAR U

pair_of_n_tuples?(n)(a): bool =

pair?(a) AND n_tuple?(n)(left(a)) AND n_tuple?(n)(right(a))

tuple_of_pairs?(n)(a): RECURSIVE bool =

IF n = 1 THEN pair?(a)

ELSE pair?(a) AND pair?(left(a)) AND tuple_of_pairs?(n-1)(rig ht( a))

ENDIF

MEASURE n

tuple_of_pairs_pair: LEMMA tuple_of_pairs?(n)(a) => pair?(a)

tuple_of_pairs0: LEMMA (n /= 1 AND tuple_of_pairs?(n)(a))

=> pair?(left(a))

tuple_of_pairs1: LEMMA (n /= 1 AND tuple_of_pairs?(n)(a))

=> tuple_of_pairs?(n-1)(righ t(a) )

tuple_of_pairs2: LEMMA FORALL (n: upfrom(2)):

tuple_of_pairs?(n)(a)

=> tuple_of_pairs?(n-1)(a)

W e observ ed earlier that dela y , b eing a deterministic relation, is b etter

de�ned b y means of a function; for this mak es it easier to manipulate it

in pro ofs. The same applies to zip , so here w e de�ne fzip (for \functional

zip") in m uc h the same w a y as it is de�ned in functional programs. Note

that the predicate pair of n tuples?(n) de�ned earlier is used to t yp e the

second argumen t.

fzip(n: upfrom(1), a: (pair_of_n_tuples?(n)))

: RECURSIVE (tuple_of_pairs?(n)) =

IF n = 1 THEN a

ELSE LET b = left(a), c = right(a)
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IN pair(

pair(left(b), left(c))

, fzip(n-1, pair(right(b), right(c)))

)

ENDIF

MEASURE n

No w funzip is the in v erse of fzip

funzip(n: upfrom(1), a: (tuple_of_pairs?(n)))

: RECURSIVE (pair_of_n_tuples?(n)) =

IF n = 1 THEN a

ELSE LET b = funzip(n-1, right(a))

IN pair(pair(left(left(a)), left(b)), pair(right(left(a)), right(b)) )

ENDIF

MEASURE n

No w w e can giv e the de�nition of zip seen as a relation. Then c hallenges

to the de�nition and prop erties of zip are are declared. As usual, prop erties

that dep end on n are pro v ed b y induction on n . Theorem zip fold is not

necessary for the pro of of the carr � e theorem. It is included b ecause it is

in teresting in its o wn righ t.

zip(n)(a,b): bool = IF pair_of_n_tuples?(n)(b)

THEN a = fzip(n, b)

ELSE FALSE ENDIF

fzip2_fzip2: THEOREM pair_of_pairs?(a) IMPLIES fzip(2, fzip(2, a)) = a

fzip_funzip_inverse: THEOREM tuple_of_pairs?(n)(a)

IMPLIES fzip(n, funzip(n, a)) = a

funzip_fzip_inverse: THEOREM pair_of_n_tuples?(n)(a)

IMPLIES funzip(n, fzip(n, a)) = a

zip_invertible: THEOREM pair_of_n_tuples?(n)(b)

AND tuple_of_pairs?(n)(a)

IMPLIES zip(n)(a,b) = (b = funzip(n, a))

fzip2: CHALLENGE fzip(2, pair(pair(a,b),pair(c,d) ))

= pair(pair(a,c),pair(b,d) )

zip1: CHALLENGE zip(1) = I*I
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zip2: CHALLENGE zip(2)( pair(pair(a,b),pair(c,d) ) ,

pair(pair(a,c),pair(b,d) ) )

zip2_inv: THEOREM inv(zip(2)) = zip(2)

zip_step: THEOREM zip(n+1) = (I*zip(n)) o zip(2)

zip2_rdom0: THEOREM zip(2) o (I*I) = zip(2)

zip2_rdom1: THEOREM zip(2) o ((I*I)*(I*I)) = zip(2)

zip2_ldom1: THEOREM ((I*I)*(I*I)) o zip(2) = zip(2)

zip2_lemma0: LEMMA (zip(2) o R)(pair(pair(a,b),pair(c, d)), e)

= R(pair(pair(a,c),pair(b,d) ), e)

zip2_lemma1: LEMMA (R o zip(2))(e, pair(pair(a,b),pair(c,d )))

= R(e, pair(pair(a,c),pair(b,d)) )

zip2_comm: THEOREM zip(2) o ((R * S)*(T * U)) = ((R * T)*(S * U)) o zip(2)

zip2_split: THEOREM zip(2) o split(split(R, S), split(T, U))

= split(split(R, T), split(S, U))

zip_ldom: THEOREM map(n, I*I) o zip(n) = zip(n)

zip_fold: THEOREM FORALL (n:upfrom(2)): zip(n) = inv(fold(n, zip(2)))

zip_map: THEOREM zip(n) o (map(n,R) * map(n,S)) = map(n,R*S) o zip(n)

zip_tri: THEOREM zip(n) o (tri(n,R) * tri(n,S)) = tri(n,R*S) o zip(n)

zip_split1: THEOREM zip(n) o split(fork(n),fork(n))

= map(n, split(I,I)) o fork(n)

END zip

So m uc h for the theory of zip .

10.0.4 The theory of carr � e

Finally , w e ha v e theory carre , where the main theorem is en unciated. This

is the only non-parameterized theory that w e use, since w e are able to �x

the univ erse of v alues that w e need to the disjoin t union of the b o oleans

and the naturals. The plus datat yp e de�nes the disjoin t sum of t w o sets in

the manner that is usual in functional programming languages lik e Gofer or

SML:

plus [T,S: TYPE]: DATATYPE
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BEGIN

inl (fst: T): inl?

inr (snd: S): inr?

END plus

(A more traditional w a y to de�ne the disjoin t union of sets A and B is

A + B = f (0 ; a ) j a 2 A g [ f (1 ; b ) j b 2 B g .) So, when plus is instan-

tiated with the t yp es bool and nat , as in plus[bool,nat] w e ha v e that,

for instance, inl(FALSE) is an elemen t that satis�es inl?(inl(FALSE)) and

falsi�es inr?(inl(FALSE)) .

carre : THEORY

BEGIN

IMPORTING plus[bool,nat]

inlFALSE: plus = inl(FALSE)

IMPORTING zip[plus]

R,S,T,U: VAR rel

a,b,c,d: VAR U

x,y,z: VAR plus

n,m: VAR upfrom(1)

Next w e ha v e the de�nitions of �

n

, _= and

_

^ ; andg stands for \and gate".

The name \and" is a reserv ed k eyw ord of PVS.

delays(n): RECURSIVE rel =

IF n = 1 THEN delay ELSE delay o (delays(n-1)) ENDIF

MEASURE n

eqlg: rel = lift2(LAMBDA x,y: inl (x = y))

andg: rel = lift2(LAMBDA x,y:

inl(inl?(x) AND inl?(y) AND fst(x) AND fst(y)) )

No w a few lemmas are in tro duced; since they are meaningful on their o wn it

mak es sense to declare and pro v e them separately rather than pro ving them

in the main pro of. Another reason for declaring them separately is that some

of these are used more than once in the pro of of the carr � e theorem.

eqlg_rdom: LEMMA eqlg o (I*I) = eqlg

andg_rdom: LEMMA andg o (I*I) = andg

retiming_eqlg: LEMMA eqlg o (delay*delay) = delay o eqlg

retiming_andg: LEMMA andg o (delay*delay) = delay o andg

delays_determ: LEMMA determ?(delays(n))
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Finally , w e en unciate the main theorem.

carre: THEOREM fold(n, andg)

o map(n, eqlg)

o zip(n)

o (tri(n, delay)*tri(n,delay))

o split(fork(n), fork(n) o delays(n))

=

fold(n, andg o (I * delay))

o fork(n)

o eqlg

o split(I, delays(n))

END carre

This concludes the exp osition of the PVS theories.

10.1 Pro ofs

When the PVS theorem pro v er is in v ok ed on a form ula, the form ula is trans-

formed in to a sequen t, that is a pair (� ; �) where � is an (initially empt y) list

of an teceden t form ul�, and � is a list of consequen t form ul�, whic h initially

con tains just the form ula to b e pro v ed. Informally , a sequen t is \true" if the

conjunction of the an teceden ts implies the disjunction of the consequen ts.

A pro of consists in the application of rules of inference, that manipulate in

v arious w a y the sequen t, or reduce it to a list of simpler sequen ts. A pro of

attempt then has the shap e of a tree, where the ro ot is the original sequen t,

and the lea v es are sequen ts whose truth implies the truth of the original

sequen t. A pro of is complete when ev ery leaf sequen t is trivially true (or

can b e sho wn to b e b y use of decision pro cedures.) The primitiv e rules of

inference can b e com bined in arbitrary pro of pro cedures called \strategies"

or \tactics". Man y tactics are pro vided with PVS, and the users can write

their o wn.

By w a y of example, w e no w see the pro of of R

�

� = R , theorem id0 in

theory rel . Figure 10:1 on page 181 sho ws the tree structure of the pro of.

The pro of b egins with the follo wing sequen t:

id0 :

|-------

{1} (FORALL (R: rel): R o I = R)
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W e use (skolem!) to eliminate the quan ti�cation, in tro ducing the sk olem

constan t R!1 (think of it as R primed, or R' ). (Usually , b y sk olemization is

mean t a rule that allo ws one to replace an existen tially quan ti�ed ante c e dent

v ariable with a fresh constan t. The PVS rule can also p erform the symmetric

op eration of replacing an univ ersally quan ti�ed c onse quent v ariable with a

constan t.)

Rule? (skolem!)

Skolemizing,

this simplifies to:

id0 :

|-------

{1} R!1 o I = R!1

W e are going to do a p oin t wise pro of. The command (apply-extensionality)

applies the rule R = S ( 8 ( x; y : x h R i y � x h S i y ) and then sk olemizes the

univ ersal quan ti�cation. The hide? t 
ag means that w e w an t to \hide"

from the resulting sequen t the original form ula. Next w e expand the de�ni-

tions of comp osition and iden tit y .

Rule? (apply-extensionality :hide? t)

Applying extensionality,

this simplifies to:

id0 :

|-------

{1} (R!1 o I)(x!1, x!2) = R!1(x!1, x!2)

Rule? (expand* "o" "I")

Expanding the definition(s) of (o I),

this simplifies to:

id0 :

|-------

{1} ((EXISTS (z: U): (R!1(x!1, z) AND (z = x!2))) = R!1(x!1, x!2))

PVS rules do not allo w the manipulation of quan ti�ers, unless the quan ti�ed

term is the \top" term in the form ula. The main function sym b ol in the

curren t sequen t is b o olean equalit y; the only w a y to get rid of it is to c hange

it in to a prop ositional connectiv e b y (iff) , and then do a pro of b y m utual

implication.
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Rule? (iff)

Converting top level boolean equality into IFF form,

Converting equality to IFF,

this simplifies to:

id0 :

|-------

{1} (EXISTS (z: U): (R!1(x!1, z) AND (z = x!2))) IFF R!1(x!1, x!2)

Rule? (ground)

Applying propositional simplification and decision procedures,

this yields 2 subgoals:

id0.1 :

{-1} EXISTS (z: U): (R!1(x!1, z) AND (z = x!2))

|-------

{1} R!1(x!1, x!2)

No w w e m ust deal with t w o subpro ofs, whic h are b oth v ery easy . The �rst is

dealt with b y sk olemizing the an teceden t existen tial, and then applying the

general-purp ose tactic (ground) :

Rule? (skolem!)

Skolemizing,

this simplifies to:

id0.1 :

{-1} (R!1(x!1, z!1) AND (z!1 = x!2))

|-------

[1] R!1(x!1, x!2)

Rule? (ground)

Applying propositional simplification and decision procedures,

This completes the proof of id0.1.

F or the second subpro of it is su�cien t to instan tiate the existen tial, and then

calling (assert) , whic h tells the pro v er that the sequen t \follo ws easily" from

the decision pro cedures.

id0.2 :

{-1} R!1(x!1, x!2)
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|-------

{1} EXISTS (z: U): (R!1(x!1, z) AND (z = x!2))

Rule? (inst 1 "x!2")

Instantiating the top quantifier in 1 with the terms:

x!2,

this simplifies to:

id0.2 :

[-1] R!1(x!1, x!2)

|-------

{1} (R!1(x!1, x!2) AND (x!2 = x!2))

Rule? (assert)

Simplifying, rewriting, and recording with decision procedures,

This completes the proof of id0.2.

Q.E.D.

This pro of is v ery simple, and w as conducted at a �ne lev el of detail for

the purp ose of demonstration; ho w ev er, it is often con v enien t to lea v e suc h

simple pro ofs to the automated pro of pro cedures. The pro of of id1 b elo w

mak es use of the p o w erful (grind) tactic and is considerably shorter:

id1 :

|-------

{1} (FORALL (R: rel): I o R = R)

Rule? (skolem!)

Skolemizing,

this simplifies to:

id1 :

|-------

{1} I o R!1 = R!1

Rule? (apply-extensionality :hide? t)

Applying extensionality,

this simplifies to:

id1 :



10.1. Pro ofs 167

|-------

{1} (I o R!1)(x!1, x!2) = R!1(x!1, x!2)

Rule? (grind)

I rewrites I(x!1, z)

to (x!1 = z)

O rewrites (I o R!1)(x!1, x!2)

to EXISTS (z: U): (x!1 = z) AND R!1(z, x!2)

I rewrites I(x!1, z)

to (x!1 = z)

O rewrites (I o R!1)(x!1, x!2)

to EXISTS (z: U): (x!1 = z) AND R!1(z, x!2)

Trying repeated skolemization, instantiation, and if-lifting,

Q.E.D.

*

*

*

The st yle of pro of that w e'd lik e to use when v erifying Rub y equalities w ould

ideally b e similar to the one w e emplo y with pap er and p encil. This ideal

is not fully attainable with curren t theorem pro ving tec hnology; but w e try

to get as close as p ossible to it. In particular, in the supp orting theories

rel , circuits , tuples and zip w e pro v e a series of lemmas that will mak e

it p ossible to v erify Rub y equalities in p oin t-free st yle. The pro ofs of the

lemmas, ho w ev er, are mostly p oin t wise, and equalities of relations are often

pro v ed b y m utual inclusion. The ob jectiv e here is to relegate pro ofs b y in-

duction, m utual inclusion and b y p oin t wise reasoning to the pro ofs of lemmas

as m uc h as p ossible, since these pro of st yles generally do not lead to concise

calculational pro ofs.

One of the problems w e �nd in applying equational lemmas to a circuit term

is that the rewriting rules in PVS do not tak e in to accoun t the asso ciativit y

of comp osition. As a result, some steps whic h one �nds ob vious are complic-

ated b y the need to rewrite sev eral times the goal term with the asso ciativit y

lemma. T o ob viate this problem, w e devised a simple rewriting rule \mo dulo

asso ciativit y" whic h w e called assoc-rewrite . It w orks b y �rst rewriting

the term with asso ciativit y , asso ciating all comp ositions to the left; then it

alternately tries to rewrite with the giv en lemma and then with the asso ci-

ativit y rule, un til all comp ositions are asso ciated to the righ t. The co de for

assoc-rewrite is in �gure 10:2 on page 182.
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10.2 The carre pro of

The main theorem w e aim to pro v e is theorem carre from the carre theory:

carre: THEOREM fold(n, andg)

o map(n, eqlg)

o zip(n)

o (tri(n, delay)*tri(n,delay))

o split(fork(n), fork(n) o delays(n))

=

fold(n, andg o (I * delay))

o fork(n)

o eqlg

o split(I, delays(n))

This corresp onds to a pro of of ( 5:1 ). The PVS pro of w e obtain has the shap e

of a tree (see �gure 10:3 on page 183). Whenev er a rule with pro visos is used,

the curren t sequen t is decomp osed in to a list of sequen ts where the �rst is the

result of applying the rule, and the others are the pro visos that m ust hold

for the rule to b e v alid. F or instance, the rule (rewrite "fork_fusion1") ,

whic h rewrites the curren t goal with the named lemma, has a pro viso, whic h

is easily disc harged b y the app eal to lemma delays determ . As a result, one

can follo w the main line of reasoning b y tra v ersing the tree from the ro ot and

taking alw a ys the leftmost inferior no de.

The carr � e pro of starts with the follo wing sequen t:

carre :

|-------

{1} (FORALL (n: upfrom(1)):

fold(n, andg) o map(n, eqlg) o zip(n)

o (tri(n, delay) * tri(n, delay))

o split(fork(n), fork(n) o delays(n))

= fold(n, andg o (I * delay)) o fork(n) o eqlg

o split(I, delays(n)))

The �rst thing to do is to get rid of the quan ti�cation b y sk olemizing. W e

supply the name n for the sk olem constan t, since it's more readable than

automatically generated names lik e n!1 .

Rule? (skolem 1 "n")

For the top quantifier in 1, we introduce Skolem constants: n,
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this simplifies to:

carre :

|-------

{1} fold(n, andg) o map(n, eqlg) o zip(n) o (tri(n, delay) * tri(n, delay))

o split(fork(n), fork(n) o delays(n))

= fold(n, andg o (I * delay)) o fork(n) o eqlg o split(I, delays(n))

W e no w follo w the structure of the deriv ation of page 60: w e apply ( 4:7 ), b y

rewriting mo dulo asso ciativit y of comp osition.

Rule? (assoc-rewrite "zip_tri")

rewriting with zip_tri modulo associativity,

this simplifies to:

carre :

|-------

{1} (fold(n, andg) o map(n, eqlg)) o tri(n, delay * delay) o zip(n)

o split(fork(n), fork(n) o delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

W e next w an t to comm ute tri

n

: ( � � � ) with map

n

: _=; this is p ossible b y

means of theorem tri map and b ecause � � � comm utes with _= . Since

tri map is a conditional rewrite rule, w e �rst in tro duce the pro viso as an

an teceden t. After rewriting, w e hide the pro viso since it's no longer needed.

Rule? (lemma "retiming_eqlg")

Applying retiming_eqlg

this simplifies to:

carre :

{-1} eqlg o (delay * delay) = delay o eqlg

|-------

[1] (fold(n, andg) o map(n, eqlg)) o tri(n, delay * delay) o zip(n)

o split(fork(n), fork(n) o delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (assoc-rewrite "tri_map" :dir rl :subst ("T" "delay"))

rewriting with tri_map modulo associativity,

this simplifies to:

carre :

[-1] eqlg o (delay * delay) = delay o eqlg
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|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o split(fork(n), fork(n) o delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (hide -1)

Hiding formulas: -1,

this simplifies to:

carre :

|-------

[1] (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o split(fork(n), fork(n) o delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

No w w e rewrite with ( 4:3 ); since w e didn't supply the pro viso as an an te-

ceden t, this time w e'll get t w o goals: the �rst one is the original goal after

rewriting, the second is the an teceden t of the rewriting rule. W e concen trate

�rst on our main line of reasoning, lea ving the second goal for later. Note

that while our original sequen t name is carre , the t w o sequen ts w e obtain

after rewriting are called carre1 and carre2 .

Rule? (rewrite "fork_fusion1")

Found matching substitution:

R gets delays(n),

n gets n,

Rewriting using fork_fusion1,

this yields 2 subgoals:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o split(fork(n), map(n, delays(n)) o fork(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Here w e w an t to apply the split fusion rule split fusion0 ( 4:3 ); in order to

do so, w e m ust ha v e a map

n

:� term app ear b y applying fork ldom bac kw ards

(the :dir rl 
ag means to apply the rule from righ t to left). This will rewrite

more than necessary , bringing ab out more map

n

:� terms than needed; w e'll

tak e care of that later b y applying fork ldom in the other direction.

Rule? (rewrite "fork_ldom" :dir rl)

Found matching substitution:



10.2. The carre pro of 171

n gets n,

Rewriting using fork_ldom,

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o

split(map(n, I) o fork(n), map(n, delays(n)) o (map(n, I) o fork(n)))

= (fold(n, andg o (I * delay)) o (map(n, I) o fork(n))) o eqlg

o split(I, delays(n))

Rule? (rewrite "split_fusion0" :dir rl)

Found matching substitution:

U gets map(n, I) o fork(n),

S gets map(n, delays(n)),

T gets fork(n),

R gets map(n, I),

Rewriting using split_fusion0,

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o

((map(n, I) * map(n, delays(n))) o split(fork(n), map(n, I) o fork(n)))

= (fold(n, andg o (I * delay)) o (map(n, I) o fork(n))) o eqlg

o split(I, delays(n))

Rule? (apply (repeat (rewrite "fork_ldom")))

Applying

(REPEAT (REWRITE "fork_ldom")),

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o ((map(n, I) * map(n, delays(n))) o split(fork(n), fork(n)))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Next w e rewrite with zip map ( 4:6 ), zip split1 , map fusion ( 4:1 ), split fusion0 ( 4:3 ),

and �nally simplify with the rule of comp osition iden tit y id0 .

Rule? (assoc-rewrite "zip_map")
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rewriting with zip_map modulo associativity,

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o map(n, I * delays(n))

o zip(n)

o split(fork(n), fork(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (assoc-rewrite "zip_split1")

rewriting with zip_split1 modulo associativity,

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o map(n, I * delays(n))

o map(n, split(I, I))

o fork(n)

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (assoc-rewrite "map_fusion")

rewriting with map_fusion modulo associativity,

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay))

o map(n, (eqlg o (I * delays(n))) o split(I, I))

o fork(n)

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (assoc-rewrite "split_fusion0")

rewriting with split_fusion0 modulo associativity,

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay))

o map(n, eqlg o split(I o I, delays(n) o I))

o fork(n)

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))
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Rule? (apply (repeat (rewrite "id0")))

Applying

(REPEAT (REWRITE "id0")),

this simplifies to:

carre.1 :

|-------

{1} (fold(n, andg) o tri(n, delay)) o map(n, eqlg o split(I, delays(n)))

o fork(n)

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Once again w e w an t to assoc-rewrite with fork fusion1 , a conditional

rewriting rule; as b efore, w e w an t to pro vide the pro viso as an an teceden t,

for otherwise assoc-rewrite w ould pro duce redundan t subgoals. This time

w e do not ha v e a ready-made lemma for the pro viso so w e in tro duce it b y

case analysis. W e pro v e the theorem assuming that the pro viso holds, and

lea v e to a separate goal sequen t the task of pro ving that it's indeed true; or,

equiv alen tly , that the negation of the pro viso leads to a con tradiction.

Rule? (case "determ?(eqlg o split(I, delays(n)))")

Case splitting on

determ?(eqlg o split(I, delays(n))),

this yields 2 subgoals:

carre.1.1 :

{-1} determ?(eqlg o split(I, delays(n)))

|-------

[1] (fold(n, andg) o tri(n, delay)) o map(n, eqlg o split(I, delays(n)))

o fork(n)

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (assoc-rewrite "fork_fusion1" :dir rl)

rewriting with fork_fusion1 modulo associativity,

this simplifies to:

carre.1.1 :

[-1] determ?(eqlg o split(I, delays(n)))

|-------

{1} (fold(n, andg) o tri(n, delay)) o fork(n) o eqlg o split(I, delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Finally , w e apply Horner's rule. The result of rewriting with horner is a

sequen t that con tains Horner's rule pro viso as a consequen t; b y app eal to the

appropriate lemma, the main line of reasoning is concluded.
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Rule? (assoc-rewrite "horner")

rewriting with horner modulo associativity,

this simplifies to:

carre.1.1 :

[-1] determ?(eqlg o split(I, delays(n)))

|-------

{1} andg o (delay * delay) = delay o andg

{2} (fold(n, andg) o tri(n, delay)) o fork(n) o eqlg o split(I, delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (lemma "retiming_andg")

Applying retiming_andg

this simplifies to:

carre.1.1 :

{-1} andg o (delay * delay) = delay o andg

[-2] determ?(eqlg o split(I, delays(n)))

|-------

[1] andg o (delay * delay) = delay o andg

[2] (fold(n, andg) o tri(n, delay)) o fork(n) o eqlg o split(I, delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

which is trivially true.

This completes the proof of carre.1.1.

W e are no w left with the task of pro ving the pro visos for some of the rules

w e applied. The �rst one w e deal with is the one resulting from the case

analysis.

carre.1.2 :

|-------

{1} determ?(eqlg o split(I, delays(n)))

[2] (fold(n, andg) o tri(n, delay)) o map(n, eqlg o split(I, delays(n)))

o fork(n)

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

F orm ula 2 is not needed, so for clarit y w e hide it from the sequen t. This is

b ecause form ula 1, the pro viso, is alw a ys true. (In general, when p erforming

a case analysis, all of the con text ma y b e needed; note that the sequen t

([] ; [ A; B ]) is equiv alen t to the sequen t ([ : A ] ; [ B ]), whic h amoun ts to pro ving

that from the negation of A , the thesis B follo ws.)
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Rule? (hide 2)

Hiding formulas: 2,

this simplifies to:

carre.1.2 :

|-------

[1] determ?(eqlg o split(I, delays(n)))

W e ha v e a rule that sa ys that to pro v e that the comp osition of t w o relations is

deterministic, it su�ces to pro v e that b oth relations are deterministic. This

results in the splitting of the goal in t w o sequen ts.

Rule? (rewrite "comp_determ")

Found matching substitution:

S gets split(I, delays(n)),

R gets eqlg,

Rewriting using comp_determ,

this yields 2 subgoals:

carre.1.2.1 :

|-------

{1} determ?(eqlg)

[2] determ?(eqlg o split(I, delays(n)))

The �rst subgoal is solv ed b y expanding the de�nition of eqlg ( _=) and then

applying the general lemma ab out retiming of a lifted relation.

Rule? (apply (then (hide 2) (expand "eqlg")))

Applying

(THEN (HIDE 2) (EXPAND "eqlg")),

this simplifies to:

carre.1.2.1 :

|-------

{1} determ?(lift2(LAMBDA x, y: inl(x = y)))

Rule? (rewrite "lift2_determ")

Found matching substitution:

f gets LAMBDA x, y: inl(x = y),

Rewriting using lift2_determ,

This completes the proof of carre.1.2.1.
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The second subgoal is further split in t w o separate subgoals, one for eac h

argumen t of split .

carre.1.2.2 :

|-------

{1} determ?(split(I, delays(n)))

[2] determ?(eqlg o split(I, delays(n)))

Rule? (apply (then (hide 2) (rewrite "split_determ")))

Applying

(THEN (HIDE 2) (REWRITE "split_determ")),

this yields 2 subgoals:

carre.1.2.2.1 :

|-------

{1} determ?(I)

[2] determ?(split(I, delays(n)))

No w w e m ust pro v e that the iden tit y relation is deterministic, whic h is easily

done b y the general purp ose tactic (grind) .

Rule? (apply (then (hide 2) (grind)))

I rewrites I(y, x)

to (y = x)

I rewrites I(z, x)

to (z = x)

determ? rewrites determ?(I)

to FORALL (x: U[stream[plus]]), (y: U[stream[plus]]), (z: U[stream[plus]]):

(y = x) AND (z = x) IMPLIES y = z

Applying

(THEN (HIDE 2) (GRIND)),

This completes the proof of carre.1.2.2.1.

Finally , w e m ust pro v e that �

n

is deterministic. This is fairly easy to do b y

induction; but since the other remaining subgoal also calls for the same result,

it is b etter to ha v e this pro v en as a separate lemma, rather than duplicating

the argumen t in the presen t pro of. By app ealing t wice to delays determ ,

the pro of of carre is complete.

carre.1.2.2.2 :
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|-------

{1} determ?(delays(n))

[2] determ?(split(I, delays(n)))

Rule? (rewrite "delays_determ")

Found matching substitution:

n gets n,

Rewriting using delays_determ,

This completes the proof of carre.1.2.2.2.

This completes the proof of carre.1.2.2.

This completes the proof of carre.1.2.

This completes the proof of carre.1.

carre.2 :

|-------

{1} determ?(delays(n))

[2] (fold(n, andg) o tri(n, delay)) o map(n, eqlg) o zip(n)

o split(fork(n), fork(n) o delays(n))

= (fold(n, andg o (I * delay)) o fork(n)) o eqlg o split(I, delays(n))

Rule? (rewrite "delays_determ")

Found matching substitution:

n gets n,

Rewriting using delays_determ,

This completes the proof of carre.2.

Q.E.D.

This concludes our w ork on the v eri�cation of (part of ) the carr � e problem.
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10.3 Conclusions

W e ha v e sho wn ho w to formalize the theory of relations within the sp eci�ca-

tion language of PVS, whic h is based on higher order logic. W e pro v ed from

�rst principles all the rules of relational calculus, and Rub y , that w e needed.

W e demonstrated ho w a general-purp ose v eri�cation system can b e used to

do pro ofs in a p oin t-free relational st yle.

Some of the pro ofs of the rules of the calculus and lemmas w ere for the

most part conducted b y letting the automated pro of pro cedures tak e care

of most of the w ork, and then leading the theorem pro v er step-b y-step to

pro v e the remaining sequen ts that it could not pro v e automatically . The

pro ofs conducted in this manner are not comp elling from the p oin t of view

of h uman readers; ho w ev er they require less lab our than full step-b y-step

pro ofs; and the theorems for whic h this strategy w orks are often the ones

that can b e easily seen to b e correct. Another pro of strategy , that leads to

pro ofs that are more readable, is to lead the pro v er step-b y-step un til the

task is decomp osed in to sequen ts that are easy to pro v e, and then letting the

automated pro of pro cedures tak e care of them.

But the main p oin t of this w ork is to sho w that once the needed lemmas are

a v ailable, the pro of of Rub y-st yle deriv ations can b e done in a fashion that

is not to o dissimilar to the corresp onding pap er-and-p encil pro of.

One of the main obstacles to the use of systems lik e PVS is the ASCI I nota-

tion, that is considerably less readable than mathematical notation (compare

the terms that app ear in the PVS pro of of the carre theorem to the ones that

app ear in the corresp onding deriv ation in page 60). The main di�cult y in

follo wing the v eri�cation is in the parsing of the terms. PVS has a facilit y for

pro ducing L

A

T

E

X v ersions of pro ofs and theories; but this can only b e used

to em b ellish the presen tation of pro ofs, while all in teraction with the system

is done in ASCI I. Since w e already ga v e a mathematical-st yle justi�cation

of the carr � e deriv ation, it seemed b etter to sho w the PVS material in the

same st yle as one w ould see it b y w orking with the system; this ma y b e more

useful to the reader who w an ts to repro duce our w ork.

It m ust b e noted that PVS o�ers go o d assistance in the veri�c ation of theor-

ems, but v ery little assistance for the c onstruction of solutions. In our view,

there are t w o main adv an tages in the use of systems lik e PVS. One is the un-

co v ering of all unstated assumptions (not to men tion errors!) in one's w ork.

In this resp ect, the w ork with PVS w as somewhat disapp oin ting, for no er-

rors w ere actually found in our w ork. The other adv an tage is that the e�ort

to express things in a language, that is more formal and p o orer than con-
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v en tional mathematical language, ma y lead to simpler de�nitions and b etter

understanding.
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carre

plus_adt

plus_adt_map plus_adt_reduce zip

tuples

circuits

rel

tree_adt

tree_adt_maptree_adt_reducesets

tree_props

tree

Figure 10:0 : The hierarc h y of theories b y inclusion
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(skolem!)

(apply-extensionality :hide? t)

(expand* "o" "I")

(iff)

(ground)

(skolem!)

(ground)

(inst 1 "x!2")

(assert)

Figure 10:1 : The structure of the pro of of id0
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(defstep assoc-rewrite (lemma &optional (fnums *)

subst (target-fnums *)

(dir LR) (order IN))

(apply

(then*

(repeat (rewrite "comp_assoc" :dir rl :target-fnums target-fnums))

(repeat (then (rewrite lemma

:subst subst :fnums fnums :dir dir

:target-fnums target-fnums)

(rewrite "comp_assoc")))

(repeat (rewrite "comp_assoc" :dir rl)) ))

"Applies a rewriting rule modulo associativity of composition"

"rewriting with ~a modulo associativity" )

Figure 10:2 : The assoc-rewrite pro of strategy
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(skolem 1 "n")

(assoc-rewrite "zip_tri")

(lemma "retiming_eqlg")

(assoc-rewrite ...)

(hide -1)

(rewrite "fork_fusion1")

(rewrite "fork_ldom" :dir rl)

(rewrite "split_fusion0" :dir rl)

(apply ...)

(assoc-rewrite "zip_map")

(assoc-rewrite "zip_split1")

(assoc-rewrite "map_fusion")

(assoc-rewrite "split_fusion0")

(apply (repeat (rewrite "id0")))

(case ...)

(assoc-rewrite ...)

(assoc-rewrite "horner")

(lemma "retiming_andg")

(propax)

(hide 2)

(rewrite "comp_determ")

(apply ...)

(rewrite "lift2_determ")

(apply ...)

(apply (then (hide 2) (grind))) (rewrite "delays_determ")

(rewrite "delays_determ")

Figure 10:3 : The pro of tree of the carre theorem
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Chapter 11

Conclusions and discussion

It is customary to de�ne Rub y circuits as relations b et w een t w o streams,

whic h ma y b e tuple-v alued. In this thesis instead w e de�ne circuits as re-

lations b et w een trees of streams; so w e ma y ha v e a relation b et w een, sa y ,

t w o pairs of streams, whereas in Rub y literature one w ould �nd a relation

b et w een t w o pair-v alued streams. The reason for this di�eren t c hoice is the

wish to depart as little as p ossible from relational calculus as de�ned in [0].

The standard relational de�nition of pro duct, as de�ned in c hapter 2, is

( x; y ) h R � S i ( z ; v ) � x h R i z ^ y h S i v :( 11:0 )

But then the pro duct of t w o relations is a relation b et w een t w o p airs of v alues.

In Rub y this is tak en care of b y using this v arian t de�nition of pro duct:

[ R ; S ] =

f

zip

�

R � S

�

f

zip

[

;( 11:1 )

where

f

zip is the relation that transforms a pair of streams in to a stream of

pairs, de�ned b y ( 3:10 ) at page 36. A similar thing applies to split. No w,

it is p erfectly acceptable to build a calculus of circuits that uses ( 11:1 ) and

do esn't use ( 11:0 ). But supp ose w e w an t the univ erse U to con tain not just

streams but also other v alues suc h as, sa y , the in tegers. This is necessary

in order to de�ne, e.g., mem (section 7.0). Then w e ha v e that pro duct and

split are no longer de�ned o v er all relations, but only on relation b et w een

streams. T o o v ercome this undesirable fact, one can then de�ne t w o pro ducts,

the ordinary one ( 11:0 ) and the pro duct for circuits ( 11:1 ). Then one needs

t w o v ersions of the split op erator; then t w o v ersions of the pro jections. This

causes a proliferation of op erator sym b ols, whic h is unfortunate since the

relational calculus uses man y op erators already; and do es not c hange the

185
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problem of ( 11:1 ) not b eing de�ned o v er all relations. F or this reason w e

prefer not to use ( 11:1 ) and accept the fact that a circuit is a relation b et w een

arbitrary pairings (that is trees) of streams.

There is another p ossible adv an tage to emplo ying ( 11:1 ) for circuits. San-

dum [47] notes that some Rub y circuits in v olving bundle are not implemen t-

able. F or instance, [ � � ; B ] satis�es

a h [ � � ; B ] i b � 8 ( n :: � : ( a:n ) = � : ( b:n )

^ � : ( a: 2 n ) = � : � : ( b:n )

^ � : ( a: (2 n + 1)) = � : � : ( b:n )) ;

and an y implemen tation of [ � �; B ] w ould require un b ounded memory . This is

due to the fact that the t w o devices in parallel are supp osed to read a pair-

v alued stream. Hence they m ust w ork in sync hron y . But � � � B reads from a

pair of streams, and an implemen tation where � � and B w ork async hronously

is p ossible.

Ho w ev er, it is not clear ho w to mak e use of this apparen t greater generalit y .

If the t w o streams read b y a device R � S are read at di�eren t sp eeds, then

there should b e some w a y to relate the state of R with the state of S ; in

other w ords, w e m ust ha v e a w a y to de�ne some T that when comp osed

as in T

�

R � S can mak e use of the outputs of b oth R and S . Suc h a T

should b e some kind of arbiter, that is able to accept actions from R and S

async hronously . This is a line of in v estigation that w e ha v en't pursued; it lo ok

promising as it hin ts at a w a y to de�ne a v ersion of Rub y for async hronous

circuits.

No w w e m ust admit that de�ning pro duct as in ( 11:0 ) b ears the disadv an t-

age that man y de�nition are more complicated than what w e'd ha v e when

de�ning pro duct b y ( 11:1 ), notably the de�nition of dela y and bundle; and

the pro ofs of the related prop erties are similarly more complicated. But this

is a problem only with the pro ofs of the rules of the calculus of Rub y; circuit

deriv ations are largely una�ected b y our di�eren t c hoice of in the de�nition

of pro duct, since most rules of the calculus, lik e fusion, hold b oth for ( 11:1 )

and ( 11:0 ).

It is in teresting to note that there is at least one calculus equalit y that do es

not hold for � , while it holds for [ � ; � ]: (see the discussion at page 196): it

holds

B

[

�

B = [ �; � ] ;( 11:2 )
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but not B

[

�

B = � � � . Giv en that w e wish to a v oid ( 11:1 ), the b est

alternativ e rule w e can form ulate is

B

[

�

B

�

A = A;( 11:3 )

for A a shap e-symmetric monot yp e; see theorem (B. 2 ) at page 196. It is

not clear whether this fact is an argumen t for or against our st yle of Rub y ,

since there is a go o d reason, in terms of circuits in terpretation, for not w an t-

ing ( 11:2 ) to hold. What the circuit on the lhs of ( 11:2 ) do es is to tak e a pair

of v alues and sending them one at a time through a single wire, and then

recomp ose the pair. But there is no restriction on the t yp e of the elemen ts of

the pair; for instance, the �rst elemen t ma y b e a scalar wire, while the second

is a pair. This mak es it di�cult to imagine the in terpretation of the in ternal

wire that connects the B

[

comp onen t with the B in the circuit B

[

�

B , for

it m ust b e a wire able to transmit v alues of widely di�ering shap es. On

the other hand, theorem ( 11:3 ) tells us the m uc h w eak er fact that, whenev er

w e can pro v e that all elemen ts of a pair of wires recursiv ely share the same

pairing structure, then it is p ossible to cancel comp osition with B

[

�

B .

It ma y b e coun tered that terms lik e B

[

�

B ma y arise in the course of

calculations, but need nev er b e implemen ted; and certainly theorem ( 11:2 )

is useful for simplifying calculations. In conclusion, whether it is desirable or

not to de�ne pro duct so that ( 11:2 ) holds is a matter of opinion.

*

*

*

The informal picture in terpretation of circuit terms that w e used is essen-

tially mono dimensional: the circuit extends horizon tally . This is due to the

fact that the relations of our calculus are binary , so they are lik e a circuit

comp onen t with just t w o \p orts". In con trast, traditional circuit diagrams

extend in t w o dimensions: comp onen ts ma y w ell ha v e connections en tering

and exiting in all directions.

It is common in Rub y to extend the picture in terpretation to t w o dimensions,

b y in terpreting the second elemen t of the left domain and the �rst elemen t

of the righ t domain as \v ertical". Nev ertheless, it's nice to see that a lot of

ground can b e co v ered b y the simpler mono dimensional picture in terpreta-

tion, at least for the kind of circuits that w e consider in this thesis.

A problem with the curren t state of Rub y is the absence of a textb o ok.

Existing exp ositions are in the form of lecture notes, and often quote la ws

without pro of. La ws that are often used without pro of are the retiming



188 Chapter 11. Conclusions and discussion

and slo wdo wn la ws. W e giv e full and detailed pro ofs for these la ws in the

app endix.

Man y Rub y la ws are pro v ed to hold for com binational circuits, and then

extended to arbitrary circuits b y the \lifting theorem", whic h states that for

\timeless" circuits (i.e., a circuit as de�ned b y de�nition 3:9 ), man y la ws can

b e so extended. W e feel no need for suc h theorem, since w e found most Rub y

la ws can b e easily pro v ed b y standard relational calculus.

In conclusion, it is di�cult to assess the usefulness of a calculus. In this

thesis there are no deep or di�cult new theorems; on the con trary , w e tried

to mak e ev erything uniformly straigh tforw ard. This w ork is ab out metho d

and notation: t w o things of paramoun t imp ortance in Computing Science.

The whole discipline of \programming language design" is ab out �nding con-

v enien t notations to express programming concepts.

Muc h of this w ork w as driv en b y the desire to see ho w Rub y could handle

problems somewhat di�eren t from those one �nds in the literature. It is clear

that Rub y shines in regular arra y computations, suc h as matrix m ultiplica-

tions or con v olution �lters; but the real limits of Rub y applicabilit y ha v e not

y et b een clearly iden ti�ed. A di�cult y one often encoun ters when w orking

with Rub y is that wiring relations can quic kly b ecome unmanageable.

In our opinion, the strength of Rub y is in the fact that memory elemen ts are

not named; this mak es la ws lik e the retiming la w or the slo wdo wn theorem

v ery simple to state and apply; in con trast, stating these la ws for a notation

lik e T angram w ould b e di�cult. On the other hand, this strength is also a

w eakness, for the risk of getting b ogged do wn with o v erly complicated wiring

relations. CSP-lik e notations ha v e their o wn set of iden tit y la ws (Hoare [22]);

iden tifying the o v erlap and di�erences b et w een CSP and Rub y la ws could b e

in teresting further w ork.

One area where Rub y could b e impro v ed is in the handling of m ultiplexers,

or \if-then-else". In its full generalit y this kind of comp onen t is sh unned in

Jones [24], for the reason that it enjo ys few useful la ws. Ho w ev er, the kind

of circuits one can obtain without a c hoice comp onen t is limited. A �rst step

in using c hoice within Rub y is our \junc" comp onen t; it could b e in teresting

to try to generalize it, so to ha v e a com binator that is more similar to \junc"

as de�ned b y Aarts et al. [0].

It is arguable that computing with relations is a di�eren t paradigm that is

not nearly fully explored. It seems there are man y tric ks and tec hniques and

metho ds y et to b e disco v ered; I lo ok forw ard with curiosit y and an ticipation

to the results of future researc h.



App endix A

Pro ofs of the dela y and

retiming la ws

This section con tains pro ofs of the prop erties of dela y and, in particular, the

retiming la ws. The pro of of ( 3:4 ) is as follo ws:

�

<

= �

� f de�nition of � , � g

( � ( X 7! @ [ X � X ))

<

= � ( X 7! � � [ X � X )

( f � -fusion g

8 ( X :: ( @ [ X � X )

<

= � � [ X

<

� X

<

)

( f domains distribute through [ and � g

@

<

= � � ^ X

<

� X

<

= X

<

� X

<

� f de�nition of @ , � � g

true

The pro of of the �rst part of ( 3:2 ) is as follo ws:

�

�

� � �

= f de�nition of � g

( @ [ � � � )

�

� � �

= f comp osition distributes o v er union g

@

�

� � � [ � � �

�

� � �

= f @ is not de�ned for pairs, ( 2:1 ) g

� � �

189
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The pro of of the second half, and of the corresp onding prop erties of � , are

similar.

The next calculation establishes prop ert y ( 3:14 ).

�

�

� = �

� f de�nition of � and � g

�

�

� ( X 7! @ [ X � X ) = � ( X 7! � � [ X � X )

( f � -fusion g

8 ( X :: �

�

( @ [ X � X ) = � � [ ( �

�

X ) � ( �

�

X ))

( f calculus g

�

�

@ = � � ^ 8 ( X :: �

�

X � X = ( �

�

X ) � ( �

�

X ))

� f prop ert y ( 3:3 ) g

�

�

@ = � �

� f � = �

[

= ( @ [ � � � )

[

= @

[

[ � � � g

( @

[

[ � � � )

�

@ = � �

� f @ is not de�ned on pairs g

@

[

�

@ = � �

This last form ula can b e pro v ed p oin t wise: for all streams a , b ,

a h @

[

�

@ i b

� f comp osition g

9 ( c :: a h @

[

i c ^ c h @ i b )

� f de�nition of primitiv e dela y; calculus g

9 ( c :: 8 ( n :: a:n = c: ( n + 1) ^ c: ( n + 1) = b:n ))

� f calculus g

8 ( n :: a:n = b:n )

The second equalit y in ( 3:14 ) can b e pro v ed b y means of a v ery similar pro of.

The pro of of the retiming la ws, equation ( 3:13 ) is b y structural induction on

de�nition 3:9 . W e b egin b y pro ving that ( 3:13 ) holds for an y lifted relation

_

R . F or all streams a and b :

a h �

�

_

R i b

� f comp osition g

9 ( c :: a h � i c ^ c h

_

R i b )
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� f de�nitions of � and R ; calculus g

9 ( c :: 8 ( n :: a: ( n + 1) = c:n ^ c:n h R i b:n ))

� f calculus g

8 ( n :: a: ( n + 1) h R i b:n )

� f calculus g

9 ( c :: 8 ( n :: a: ( n + 1) h R i c: ( n + 1) ^ c: ( n + 1) = b:n ))

� f de�nitions of � and R ; calculus g

9 ( c :: a h

_

R i c ^ c h � i b )

� f comp osition g

a h

_

R

�

� i b

Next w e sho w that ( 3:13 ) holds for the left pro jection. First, w e need a little

lemma:

( a; b ) h � i ( c; d )

� f b y the de�nition of � g

( a; b ) h @ [ � � � i ( c; d )

� f de�nition of union g

( a; b ) h @ i ( c; d ) _ ( a; b ) h � � � i ( c; d )

� f @ is not de�ned on pairs; de�nition of pro duct g

a h � i c ^ b h � i d

Hence, it holds that ( a; b ) h � i ( c; d ) � a h � i c ^ b h � i d . W e ma y no w pro ceed:

for all streams a , b and c ,

a h �

�

�i ( b; c ) � a h�

�

� i ( b; c )

� f comp osition g

9 ( d :: a h � i d ^ d h� i ( b; c )) � 9 ( d; e :: a h� i ( d; e ) ^ ( d; e ) h � i ( b; c ))

� f de�nition of � , t wice, and ab o v e lemma: g

9 ( d :: a h � i d ^ d = b ) � 9 ( d; e :: a = d ^ d h � i b ^ e h � i c )

( f calculus g

a h � i b � a h � i b

� f calculus g

true

The pro of that ( 3:13 ) holds for the righ t pro jection is en tirely similar. That

( 3:13 ) holds for R := � is trivial; for R := � it is a consequence of ( 3:14 ).

F or term w e ha v e:
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�

�

term

= f ( 3:16 ) g

term

= f �

>

= I g

term

�

�

>

= f > >

�

R

>

= > >

�

R g

term

�

�

Note that all the pro ofs w e ha v e giv en un til no w can b e easily mo di�ed to

pro v e the corresp onding prop erties for an tidela y . W e will then assume that

the reader is con vinced that b oth parts of ( 3:13 ) hold for lifting, pro jections,

dela ys and term .

Supp ose no w that ( 3:13 ) holds for circuits R and S: W e then ha v e:

�

�

R

�

S

= f h yp othesis on R g

R

�

�

�

S

= f h yp othesis on S g

R

�

S

�

�

So m uc h for comp osition. F or pro duct w e ha v e:

�

�

R � S

= f equation ( 3:3 ) g

( �

�

R ) � ( �

�

S )

= f h yp othesis on R and S g

( R

�

� ) � ( S

�

� )

= f equation ( 3:3 ) g

R � S

�

�

Similarly , for split:

�

�

R

4

S

= f equation ( 3:3 ) g

( �

�

R )

4

( �

�

S )

= f h yp othesis on R and S g

( R

�

� )

4

( S

�

� )
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= f equation ( 3:5 ) g

R

4

S

�

�

F or con v erse, w e ha v e

�

�

R

[

= f con v erse; � is the con v erse of � g

( R

�

� )

[

= f b y h yp othesis ( 3:13 ) holds for R g

( �

�

R )

[

= f con v erse g

R

[

�

�

The last part of the pro of mak es use of the prop erties of lo op and feedbac k,

equations ( 3:8 ):

�

�

R

�

= f lo op-feedbac k g

�

�

( �

4

�

�

R )

$

= f lo op fusion, eq. ( 2:1 ) g

( �

4

�

�

R )

$

= f equations ( 3:5 ) and ( 3:14 ) g

( �

4

�

�

�

�

R )

$

= f h yp othesis on R g

( �

4

�

�

R

�

� )

$

= f equation ( 2:1 ) g

( � � �

�

�

4

�

�

R

�

� )

$

= f lo op leapfrog g

( �

4

�

�

R

�

�

�

� � � )

$

= f equations ( 3:3 ) and ( 3:14 ) g

( �

4

�

�

R

�

� � � )

$

= f lo op fusion g

( �

4

�

�

R )

$

�

�

= f lo op-feedbac k g

R

�

�

�

This concludes the pro of of ( 3:13 ).
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App endix B

F acts ab out bundle and slow

An essen tial prop ert y of bundle is

B

�

B

[

= �(B. 0 )

The pro of is:

B

�

B

[

= �

� f de�nitions g

� ( X 7! B [ X � X

�

zip )

�

B

[

= � ( X 7! � � [ X � X )

( f � -fusion g

8 ( X :: ( B [ X � X

�

zip )

�

B

[

= � � [ ( X

�

B

[

) � ( X

�

B

[

))

and for all X ,

( B [ X � X

�

zip )

�

B

[

= f � computation rule;

con v erse o v er union and comp osition g

( B [ X � X

�

zip )

�

( B

[

[ zip

[

�

B

[

� B

[

)

= f distributivit y; B is not de�ned on pairs g

B

�

B

[

[ X � X

�

zip

�

zip

[

�

B

[

� B

[

= f p oin t wise calculations g

� � [ X � X

�

B

[

� B

[

= f fusion g

� � [ ( X

�

B

[

) � ( X

�

B

[

)
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This completes the pro of of (B. 0 ).

One could h yp othesize that B

[

�

B

?

= � � � should hold; y et it do es not (see

c hapter 11). In fact, for an y t w o monot yp e A , w e ha v e that B

[

�

B

�

A 6= ? ?

only if A has a \symmetric shap e". F or example, it holds

B

[

�

B

�

� � � � � = � � � � �(B. 1 )

and also

B

[

�

B

�

( � � � � � ) � ( � � � � � ) = ( � � � � � ) � ( � � � � � )

but:

B

[

�

B

�

( � � � � � ) � � �

= f de�nition g

B

[

�

( B [ B � B

�

zip )

�

( � � � � � ) � � �

= f distributivit y; B is not de�ned on ( � � � � � ) � � � g

B

[

�

B � B

�

zip

�

( � � � � � ) � � �

= f zip is only de�ned on pairs of pairs g

? ?

Let's formalize the concept of \ha ving a symmetric shap e". Let A b e a

monot yp e. W e sa y that A is shap e-symmetric, if

� A � � � � � � , or

� there exist monot yp es B and C suc h that A = B � C and b oth B and

C are shap e-symmetric.

No w w e claim that, if A is a shap e-symmetric monot yp e,

B

[

�

B

�

A = A(B. 2 )

This can b e sho wn b y structural induction on the de�nition of shap e sym-

metry . If A � � � � � � , then

B

[

�

B

�

A

= f A � � � � � � g

B

[

�

B

�

A

= f b y p oin t wise reasoning g

A



197

Supp ose no w A can b e written B � C , for shap e symmetric B and C :

B

[

�

B

�

B � C

= f a shap e-symmetric monot yp e can alw a ys

b e written as a pro duct of t w o monot yp es:

sa y , B = B

0

� B

1

and C = C

0

� C

1

g

B

[

�

B

�

( B

0

� B

1

) � ( C

0

� C

1

)

= f de�nition of bundle on pair of pairs g

zip

�

( B

[

�

B ) � ( B

[

�

B )

�

zip

�

( B

0

� B

1

) � ( C

0

� C

1

)

= f prop ert y of zip g

zip

�

( B

[

�

B ) � ( B

[

�

B )

�

( B

0

� C

0

) � ( B

1

� C

1

)

�

zip

= f fusion g

zip

�

( B

[

�

B

�

B

0

� C

0

) � ( B

[

�

B

�

B

1

� C

1

)

�

zip

= f B

0

� C

0

and B

1

� C

1

m ust b e shap e-symmetric;

b y induction g

zip

�

( B

0

� C

0

) � ( B

1

� C

1

)

�

zip

= f prop ert y of zip g

( B

0

� B

1

) � ( C

0

� C

1

)

= f b y the de�nitions of B

0

, B

1

, C

0

and C

1

g

B � C

This concludes the pro of of (B. 2 ).

One in teresting theorem ab out B is the follo wing:

B

�

� = �

�

�

�

B

Pro of: let's b egin b y supp osing the left domain is not a pair. W e ha v e:

a h B

�

@ � @ i ( b; c )

� f de�nitions of bundle, primitiv e dela y and comp osition g

9 ( d; e :: 8 ( n :: a: 2 n = d:n ^ a: (2 n + 1) = e:n )

^ 8 ( n :: d:n = b: ( n � 1) ^ e:n = c: ( n � 1)))

� f single-p oin t rule g

8 ( n :: a: 2 n = b: ( n � 1) ^ a: (2 n + 1) = c: ( n � 1))

� f c hange of dumm y: n := m + 1 g

8 ( m :: a: (2 m + 2) = b:m ^ a: (2 m + 3) = c:m )
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� f single-p oin t rule g

9 ( d :: 8 ( n :: a:n = d: ( n � 2))

^ 8 ( m :: d: 2 m = b:m ^ d: (2 m + 1) = c:m ))

� f de�nitions of bundle, primitiv e dela y and comp osition g

a h @

�

@

�

B i ( b; c )

Hence, since @

�

B = �

�

B and B

�

@ � @ = B

�

� , w e ha v e

�

�

�

�

B = B

�

�(B. 3 )

Armed with this lemma, w e return to the general pro of. W e will try to �nd

some function H suc h that

�

�

�

�

B = �H = B

�

�(B. 4 )

The �rst part of this equation expands as follo ws:

�

�

�

�

B = �H

� f de�nition g

�

�

�

�

� ( X 7! B [ X � X

�

zip ) = �H

( f � -fusion g

8 ( X :: �

�

�

�

( B [ X � X

�

zip ) = H : ( �

�

�

�

X ))

� f calculus g

8 ( X :: �

�

�

�

B [ �

�

�

�

X � X

�

zip = H : ( �

�

�

�

X ))

and the second part is

B

�

� = �H

� f de�nition g

� ( X 7! B [ X � X

�

zip )

�

� = �H

( f � -fusion g

8 ( X :: ( B [ X � X

�

zip )

�

� = H : ( X

�

� ))

� f calculus g

8 ( X :: B

�

� [ X � X

�

zip

�

� = H : ( X

�

� ))

Let's de�ne

H :X = B

�

� [ X � X

�

zip

W e obtain, for all X :
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H : ( X

�

� )

= f de�nition g

( X

�

� ) � ( X

�

� )

�

zip

= f fusion g

X � X

�

� � �

�

zip

= f zip is de�ned on pairs of pairs g

X � X

�

( � � � ) � ( � � � )

�

zip

= f p oin t wise reasoning g

X � X

�

zip

�

( � � � ) � ( � � � )

= f dela y g

X � X

�

zip

�

�

and

H : ( �

�

�

�

X )

= f de�nition g

( �

�

�

�

X ) � ( �

�

�

�

X )

�

zip

= f fusion g

� � �

�

� � �

�

X � X

�

zip

= f dela y g

�

�

�

�

X � X

�

zip

These last t w o calculations, together with (B. 3 ), pro v e (B. 4 ).

Next w e see a v ery useful theorem: slow distributes through pro duct, split,

comp osition, con v erse, lo op and feedbac k.

slow : ( R

�

S ) = slow :R

�

slow :S

slow : ( R � S ) = slow :R � slow :S

slow : ( R

4

S ) = slow :R

4

slow :S

slow : ( R

[

) = ( slow :R )

[

slow : ( R

$

) = ( slow :R )

$

slow : ( R

�

) = ( slow :R )

�

(B. 5 )

The pro of for comp osition is:

slow :R

�

slow :S

= f de�nition g
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B

�

R � R

�

B

[

�

B

�

S � S

�

B

[

= f (B. 2 ) g

B

�

R � R

�

S � S

�

B

[

= f iden tit y , fusion g

B

�

( R

�

S ) � ( R

�

S )

�

B

[

= f de�nition g

slow : ( R

�

S )

F or pro duct, w e ha v e:

slow : ( R � S )

= f de�nition g

B

�

( R � S ) � ( R � S )

�

B

[

= f B on pairs of pairs g

B � B

�

zip

�

( R � S ) � ( R � S )

�

zip

�

B

[

� B

[

= f prop erties of zip ( 3:12 ) g

B � B

�

( R � R ) � ( S � S )

�

B

[

� B

[

= f fusion; de�nition g

slow :R � slow :S

F or split, it is enough to sho w that slow : ( �

4

� ) = �

4

� ; the result then follo ws

from the distributivit y of slow through comp osition and pro duct.

slow : ( �

4

� )

= f de�nition g

B

�

( �

4

� ) � ( �

4

� )

�

B

[

= f B on pairs of pairs g

B � B

�

zip

�

( �

4

� ) � ( �

4

� )

�

B

[

= f prop erties of zip ( 3:12 ) g

B � B

�

( � � � )

4

( � � � )

�

B

[

= f B

[

is deterministic; fusion g

( B

�

� � �

�

B

[

)

4

( B

�

� � �

�

B

[

)

= f iden tit y; equation (B. 0 ) g

�

4

�

F or con v erse,
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slow :R

[

= f de�nition g

B

�

R

[

� R

[

�

B

[

= f con v erse o v er pro duct g

B

�

( R � R )

[

�

B

[

= f con v erse is idemp oten t g

( B

�

( R � R )

[

�

B

[

)

[ [

= f con v erse o v er comp osition g

( B

[ [

�

( R � R )

[ [

�

B

[

)

[

= f idemp otency , t wice g

( B

�

R � R

�

B

[

)

[

= f de�nition g

( slow :R )

[

F or lo op,

slow :R

$

= f de�nition g

B

�

R

$

� R

$

�

B

[

= f lo op ( 3:8 ) g

B

�

( zip

�

R � R

�

zip )

$

�

B

[

= f lo op fusion ( 3:8 ) g

( B � �

�

zip

�

R � R

�

zip

�

B

[

� � )

$

= f zip is de�ned on pairs of pairs g

( B � �

�

� � ( � � � )

�

zip

�

R � R

�

zip

�

B

[

� � )

$

= f lemma (B. 2 ) g

( B � �

�

� � ( B

[

�

B

�

� � � )

�

zip

�

R � R

�

zip

�

B

[

� � )

$

= f fusion, iden tit y g

( B � ( B

[

�

B )

�

zip

�

R � R

�

zip

�

B

[

� � )

$

= f fusion, lo op leapfrog ( 3:8 ) g

( B � B

�

zip

�

R � R

�

zip

�

B

[

� B

[

)

$

= f R is de�ned on pairs g

( B

�

R � R

�

B

[

)

$

= f de�nition g

( slow :R )

$
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F or feedbac k,

slow :R

�

= f lo op-feedbac k ( 3:8 ) g

slow : ( �

4

�

�

R )

$

= f distributivit y of slow (see ab o v e) g

( �

4

�

�

slow :R )

$

= f lo op-feedbac k ( 3:8 ) g

( slow :R )

�

This concludes the pro of of (B. 5 ).

The main theorem ab out slow is that, for R a circuit, slow :R is equal to

R with all dela ys doubled. The pro of is b y induction on de�nition 3:9 . W e

b egin with dela y; this is a corollary of theorem (B. 4 ):

B

�

� � �

�

B

[

= f dela ys and (B. 4 ) g

�

�

�

�

B

�

B

[

= f equation (B. 0 ) g

�

�

�

W e con tin ue with a lifted relation.

a h

_

R

�

B i ( b; c )

� f comp osition g

9 ( d :: a h

_

R i d ^ d h B i ( b; c ))

� f de�nition g

9 ( d :: a h

_

R i d ^ 8 ( n :: b:n = d: (2 n ) ^ c:n = d: (2 n + 1)))

� f de�nition of lifted relation g

9 ( d :: 8 ( n :: b:n = d: (2 n ) ^ c:n = d: (2 n + 1)

^ a: (2 n ) h R i b:n ^ a: (2 n + 1) h R i c:n ))

� f single-p oin t rule g

8 ( n :: a: (2 n ) h R i b:n ^ a: (2 n + 1) h R i c:n )

and
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a h B

�

_

R �

_

R i ( b; c )

� f calculus g

9 ( d; e :: a h B i ( d; e ) ^ ( d; e ) h

_

R �

_

R i ( b; c ))

� f calculus g

9 ( d; e :: 8 ( n :: d:n = a: 2 n ^ e:n = a: (2 n + 1) ^ d:n h R i b:n ^ e:n h R i c:n ))

� f calculus g

8 ( n :: a: (2 n ) h R i b:n ^ a: (2 n + 1) h R i c:n )

Hence,

_

R

�

B = B

�

_

R �

_

R . A similar pro of establishes the same result for a

t w o-inputs lifted relation (i.e., a relation

_

R suc h that

_

R =

_

R

�

� � � ).

The case of the iden tit y relation is trivial, giv en equation (B. 0 ):

B

�

� � �

�

B

[

= B

�

B

[

= �

Next w e see the left pro jection: for a through e arbitrary pairings of streams,

a h�

�

B i (( b; c ) ; ( d; e ))

� f comp osition g

9 ( f ; g :: a h�i ( g ; f ) ^ ( g ; f ) h B i (( b; c ) ; ( d; e )))

� f pro jection g

9 ( f :: ( a; f ) h B i (( b; c ) ; ( d; e )))

� f de�nition of B g

9 ( f :: ( a; f ) h B � B

�

zip i (( b; c ) ; ( d; e )))

� f de�nition of zip g

9 ( f :: ( a; f ) h B � B i (( b; d ) ; ( c; e )))

� f de�nition of pro duct g

9 ( f :: a h B i ( b; d ) ^ f h B i ( c; e ))

� f B is deterministic, hence f is uniquely determined g

a h B i ( b; d )

� f calculus g

a h B

�

� � � i (( b; c ) ; ( d; e ))

F or term w e ha v e, for arbitrary collections of wires a , b , c and d :

( a; b ) h B

�

term � term i ( c; d )
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� f comp osition, de�nition of term g

9 ( e; f :: ( a; b ) h B i (( e; e ) ; ( f ; f )))

� f de�nition of B g

9 ( e; f :: ( a; b ) h B � B

�

zip i (( e; e ) ; ( f ; f )))

� f de�nition of zip g

9 ( e; f :: ( a; b ) h B � B i (( e; f ) ; ( e; f )))

� f pro duct g

9 ( e; f :: a h B i ( e; f ) ^ b h B i ( e; f ))

� f B is deterministic g

a = b

� f single-p oin t rule g

9 ( e :: a = b ^ e h B i ( c; d ))

� f de�nition of term g

9 ( e :: ( a; b ) h term i e ^ e h B i ( c; d ))

� f comp osition g

( a; b ) h term

�

B i ( c; d )

So m uc h for the base of the induction o v er de�nition 3:9 . The induction step

is an immediate consequence of theorem (B. 5 ).
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